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A hyper-star graph HS(n, k) provides a promising topology for interconnection net-
works of parallel processing systems because it inherits the advantages of a hypercube
and a star graph. In this paper, we focus on fault-tolerant routing in an HS(n, k) graph
with faulty nodes and propose an algorithm to establish a fault-free path between a pair
of non-faulty nodes. The algorithm uses limited global information called routing capa-
bilities. Though routing capabilities were originally invented for a hypercube, we extend
their notion so that they can be applied to an HS(n, k) graph, which is asymmetric. We
have proved that the time complexity to calculate routing capabilities with respect to all
the distances at each node is O(n?). In addition, we present the results of a computer ex-
periment to verify that our algorithm attains high reachability to the destination nodes.

Keywords: interconnection network, parallel processing, hypercube, star graph, faulty
node

1. INTRODUCTION

Recent research has proposed many novel topologies for interconnection networks
[1-7] as alternatives for simple topologies such as a ring, a mesh, a torus, a hypercube [8],
and so on. A hyper-star graph HS(n, k) [9] provides a such new topology. Since a hy-
per-star graph and its variant, a folded hyper-star graph, inherit advantages of an n-di-
mensional hypercube and an (n, k)-star graph, they have useful properties. For example,
each node in the graph is represented by a simple n-bit sequence instead of a permutation,
and the graph can interconnect an arbitrary number of nodes making it incrementally
expandable. Hence, they have been studied extensively [10-18]. In a massively parallel
system, algorithms should be designed and developed presuming the existence of faulty
elements. Another advantage of the hyper-star graph is that its useful properties are gen-
erally kept even if there are some faulty elements in the system. Hence, we focus in this
paper on fault-tolerant routing in a hyper-star graph HS(n, k) with faulty nodes, and pro-
pose an adaptive fault-tolerant routing algorithm between non-faulty nodes.

Optimal fault-tolerant routing is possible if each non-faulty node collects informa-
tion of all faulty nodes in the graph as global information. However, this approach is im-
practical because it requires space and time complexities whose orders are equal to the
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number of nodes in the graph. On the other hand, if every non-faulty node collects the
status of its neighbor nodes only as local information for fault-tolerant routing, high
reachability with shorter paths cannot be expected. Hence, many approaches collect the
compressed global information to attain a high reachability with shorter paths. The in-
formation is referred to as limited global information.

In the fault-tolerant routing based on the limited global information, to avoid the
message flooding, each non-faulty node exchanges fault information with its neighbor
nodes synchronously at the power-on state. The amount of faulty information and the
number of exchanges are, respectively, restricted to be O(1) and a polynomial order of
the degree. Each non-faulty node stores limited global information regarding its neighbor
nodes and uses it for fault-tolerant routing. However, the fault-tolerant routing algorithm
may cause infinite loops. Therefore, it is necessary to keep track of the number of mis-
routings and/or hops in each message to detect infinite loops. If a message cannot reach
at the destination node because of an infinite loop, the routing algorithm is switched to
the depth-first search (for example), which needs longer paths but ensures arrival to the
destination node. If the message cannot reach at the destination node even by the
depth-first search, the source node can conclude that the destination node is not con-
nected.

For a hypercube, there are several fault-tolerant routing algorithms based on the
limited global information. Chiu and Wu have proposed an efficient fault-tolerant rout-
ing algorithm [19] by recursively classifying non-faulty nodes into safe, ordinary unsafe,
and strongly unsafe nodes depending on the classification of neighbor nodes. To improve
the algorithm by Chiu and Wu, Chiu and Chen introduced the routing capabilities ob-
tained by classifying the safety nodes with respect to the Hamming distances to the des-
tination nodes [20]. Wu has also proposed a similar fault-tolerant routing algorithm in-
dependently by introducing safety vectors [21]. Moreover, Kaneko and Ito have pro-
posed a fault-tolerant routing algorithm based on classification of ordinary and strongly
unsafe nodes with respect to the Hamming distances as well as an efficient method to
obtain their classification [22].

For fault-tolerant routing in a star graph, Yeh et al. have proposed an algorithm
based on safety vectors to attain efficient fault-tolerant routing [23]. Since the routing in
a star graph is more complicated than that in a hypercube, the safety vectors on a star
graph are based on routing patterns while those on a hypercube are based on distances.

Though routing capabilities were originally invented for a hypercube [20], we ex-
tend their notion in this paper to attain fault-tolerant routings of high reachability with
shorter paths in a generic non-regular hyper-star graph. For this purpose, we investigate
new relationship among the number of neighbor nodes, the distance to the destination
node, and the number of neighbor nodes on the shortest paths to the destination in a hy-
per-star graph. We explain the details of routing capabilities and discuss the statistical
results of the computer experiments.

The rest of this paper is structured as follows. First, in Section 2, a definition of a
hyper-star graph is introduced with an example, and some properties are proved. Next, in
Section 3, we introduce a definition of routing capabilities and describe the fault-tolerant
routing algorithm based on them. Then, in Section 4, we experimentally verify the effec-
tiveness of our algorithm. Finally, in Section 5, we present conclusions and a suggestion
for future research.



FAULT-TOLERANT ROUTING BASED ON ROUTING CAPABILITIES IN A HYPER-STAR GRAPH 1355

2. PRELIMINARIES

In this section, we give a definition of a hyper-star graph and lemmas about its pro-
perties.

Definition 1: (hyper-star graph HS(n, k)) In an HS(n, k) graph, each node is an n-bit se-
quence that contains k£ ‘1’ bits. There is an edge between two nodes, @ and b (a, b € V(HS
(n, k))), ifand only if a; # by, a; = b;, a;= by (i >2) and a; = b; (2 <j (# i) < n). u

Fig. 1 shows an example of HS(6, 2) graph where a node (ay, as, ..., ag) is abbrevi-
ated into a; a, ... as. Each node consists of 6 bits where exactly 2 bits of them are equal
to 1 and the remaining 4 bits are equal to 0. For example, the neighbor nodes of the node
(1, 1,0, 0, 0, 0) are obtained by exchange the first bit 1 with one of the other bits 0: (0, 1,
1,0,0,0),(0,1,0,1,0,0),(0,1,0,0, 1, 0), and (0, 1, 0, 0, 0, 1). On the other hand, the
neighbor nodes of the node (0, 0, 1, 0, 0, 1) are (1, 0, 0, 0, 0, 1) and (1, O, 1, O, 0, 0).
Hence, an HS(6, 2) graph is not regular.

110000

010001 011000

100001 101000

000011 001100

100010 000110 100100

Fig. 1. An example of a hyper-star graph HS(6, 2).

Table 1. Comparison of a hyper-star graph HS(n, k) with a hypercube Q,, a pancake graph

P,, and a star graph S,.
topology #nodes degree connect. diameter

HS(n, k) (n < 2k) nCk n—k n—k 2(n—k)
HS(n, k) (n=2k) nCr k=n—k k=n—k 2k—1
HS(n, k) (n > 2k) 2Cr k k 2k

0O, 2" n n n

P, n! n—1 n—1 i

Sy n! n—1 n—1 13(n—1)/2]

t:<15(m + 1)/ 3] from [24]

Table 1 shows comparison of a hyper-star graph HS(n, k) with a hypercube Q,, a
pancake graph P,, and a star graph S,,. The cost of a topology is defined by the product of
its degree and its diameter. Let us compare the four topologies: an Sy, a Py, an HS(66,
27), and a O, having a similar number of nodes. The number of nodes of an S5y, a Ps,
an HS(66, 27), and a Qg are 2.43x10", 2.43x10", 2.45x10", and 2.31x10" and the
costs are, respectively, 532, <665, 1458, and 3721. Hence, a star graph and a pancake
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graph are the best topologies with costs, a hyper-star graph is the second best, and a hy-
percube is the worst. However, a shortest-path routing algorithm of polynomial time of n
is not known so far with a P,. Though an S, has a shortest-path routing algorithm, it is
much more complicated than that for an HS(n, k) graph. Also, an HS(n, k) graph has
higher incremental expandability than other topologies. That is, it can connect an arbi-
trary number of nodes to implement interconnection networks.

For two nodes a = (ay, ay, ..., a,) and b =n(b1, by, ..., b,) in an HS(n, k) graph, the
distance between them dis#(a, b) is given by Zizza,@b,- where the operator ® represents
an exclusive logical-or operation. In addition, let N(a) be the neighbor nodes of a. Then,
let Pre(a, b) = {nbr|nbr € N(a), dist(nbr, b) = dist(a, b) — 1} and Spr(a, b) = {nbr|nbr
Ma), dist(nbr, b) = dist(a, b)+ 1} be the neighbor nodes that are on the shortest paths
from a to b and those on the detour paths from a to b, respectively. We call Pre(a, b) and
Spr(a, b) as the preferred neighbor nodes of a to b and the spare neighbor nodes of a to b,
respectively.

Lemma 1: Let diam(HS(n, k)) be the diameter of an HS(n, k) graph. Then, it is given as
follows:

2(n—k) (n<2k)
diam(HS(n,k))=< 2k—-1 (n=2k).
2k (n>2k)

Proof: Consider two nodes a = (aj, ay, ..., a,) and b = (by, nbz, ..., b,) in an HS(n, k).
Then, if n < 2k, the distance between the nodes, dist(a, b) = Zizza,@b,—, is at most 2(n — k).
This is attained by, for example, a, =a,= ... =a, =1, @1 =...=a,=0,b, =1, b, = b3
=...=b411=0, b,y =... = b, = 1. Hence, the diameter is 2(n — k). From symmetric
property, if n > 2k, the diameter is equal to 2. If n = 2k, the distance between the nodes
is at most n — 1 = 2k — 1, and it is attainable by, for example, a, =a, = ... =a; = 1, @+
=..=a,=0,b1=b,=...=b,=0,bpsy=...=b,= 1. a

Lemma 2: For a node a = (ay, ay, ..., a,) in an HS(n, k) graph, the number of neighbor
nodes of a, |N(a)|, is equal to k if a; = 0 while it is equal to n — kif a; = 1.

Proof: There are k 1’s in a, a3, ..., a, if a; = 0. Hence, |N(a)| = k. Otherwise, if a; = 1,
there are (n — k) 0’s in ay, a3, . . . , a,. Therefore, |[N(a)| =n — k. a

Lemma 3: For two distinct nodes a = (ay, a, ..., a,) and b = (b4, by, ..., b,) in an HS(n,
k) graph, |Pre(a, b)| = [d/2] and |Spr(a, b)| = |N(a)| — [d/2] where d = dist(a, b).

Proof: If d = ijza,@b,- is even, a; = b; because Z:;la,@b[ is always even. Therefore,

among d bits of a,, a3, ..., a, that are different from corresponding b,, b;, ..., b,, d/2 bits
are equal to a;. Thus, |Pre(a, b)| = d/2, and |Spr(a, b)| = |N(a)| — d/2. On the other hand,
if d is odd, a, = b,. Therefore, among d bits of a,, a3, ..., a, that are different from cor-

responding b, bs, ..., b,, (d + 1)/2 bits are equal to a;. Hence, |Pre(a, b)| = (d + 1)/2
and |Spr(a, b)| = |N(a)| — (d + 1)/2. To recap, |Pre(a, b)| = [d / 2] and |Spr(a, b)| = |N(a)|
—[d/2]. a
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3. ROUTING CAPABILITIES AND FAULT-TOLERANT ROUTING
ALGORITHM

For a node a in an HS(n, k) graph and a distance d (1 < d < diam(HS(n, k))), we in-
troduce a routing capability R a)(e {0, 1}). For any non-faulty node which is located
with distance d from the node a, R/(a) = 1 ensures that a fault-free path of length d from
a to the node can be established.

Definition 2: For a node a in an HS(n, k) graph with a set of faulty nodes F, a routing
capability R (a) with respect to a distance d is recursively defined as follows:

l.R(a)=1ifag F,d=1,

2.R(a)=11ifa ¢ F,d>2, and for any J(c N(a)) such that |J|=[d / 2], there exists nbr(<c
J) such that R, (nbr) =1,

3. R/(a) = 0 otherwise. a

Note that routing capabilities R (a) are defined from d =1 to d = diam(HS(n, k)).

Table 2 shows an example of routing capabilities in an HS(6, 2) graph with a faulty
node set F' = {(0,0,0,0,1,1),(0,1,0,0, 1, 0), (1, 1, 0, 0, 0, 0)}. Note that routing capa-
bilities do not monotonically decrease with the distance.

Table 2. Routing capabilities R;(a) (1 <i <4) of a node a in HS(6, 2) with 3 faulty nodes,
which can be identified by R, = 0.

Node a R, R, R; R,
0,0,0,0,1, 1) 0 0 0 0
0,0,0,1,0,1) 1 1 1 1
0,0,0,1,1,0) 1 1 1 1
(0,0,1,0,0, 1) 1 1 1 1
0,0,1,0,1,0) 1 1 1 1
0,0,1,1,0,0) 1 1 1 1
0,1,0,0,0, 1) 1 0 0 0
(0,1,0,0,1,0) 0 0 0 0
0,1,0,1,0,0) 1 0 1 1
0,1,1,0,0,0) 1 0 1 1
(1,0,0,0,0,1) 1 0 0 0
(1,0,0,0, 1, 0) 1 0 0 0
(1,0,0,1,0,0) 1 1 1 1
(1,0,1,0,0,0) 1 1 1 1
(1,1,0,0,0,0) 0 0 0 0

If n =2k 35" Crgisp= O holds. Similarly, if n is close to 2k, it takes an expo-
nential time to calculate routing capabilities at each node based on Definition 2. Hence,
we introduce a simple calculation method based on the following lemma.

Lemma 4: In an HS(n, k) graph with a set of faulty nodes F, for @ node a(¢ F) and a
distance d(= 2), the following two conditions are equivalent:
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1. For any J(c N(a)) such that |J| = [d/2], there exists a node nbr(e J) such that R ;_(nbr)
=1.
2. |{nbr | nbr € N(a), R;_((nbr)=1}|> |N(a)| — [d/2] + 1.

Proof: Because |J|=[d/2], |N(a)\J] = |N(a)| — [d/2] holds. Therefore, Condition 2 implies
Condition 1. Hence, sufficiency is proved. For necessity, we assume that Condition 2
does not hold. Then, from |{nbr | nbr € N(a), R, (nbr) = 1}| < |N(a)| — [d/2], there ex-
ists J(c N(a)) such that |J] = [d/2] and {nbr | nbr € N(a), R, (nbr) = 1} c N(a)\J.
Hence, Condition 1 does not hold, either. Necessity is also proved. The lemma is proved
from the above discussion. d

In an HS(n, k) graph with a set of faulty nodes F, for a non-faulty node @ and a dis-
tance d, from Lemma 4, we can compare znbreN a)Rd_l(nbr) with |[N(a)| — [d/2] + 1 to
judge sufficiency of Condition 2 in Definition 2. lgig. 2 shows an algorithm as Procedure
RC to calculate routing capabilities R (a) (1 < d < diam(HS(n, k))) at a node a. The pro-
cedure must be executed in sync at all the nodes.

procedure RC(a, F)
begin
for d := 1 to diam(HS(n, k)) do
if acF then Rja) := 0
else if d = 1 then Rjfa) := 1

else if ZnhreN(a)Rd_l(nbr) >= |N(a)|-[d2]+] then Rya) := 1

else Rfa) := 0
end

Fig. 2. Algorithm to calculate routing capabilities.

Theorem 1: At each node in an HS(n, k) graph with a set of faulty nodes F, the time
complexity to calculate routing capabilities with respect to all distances d (1 <d < di-
am(HS(n, k))) is O(n?).

Proof: From Lemma 4, to calculate a routing capability R (a) with respect to a distance
d(> 2) at a node a, it is necessary to collect R, (nbr) from each node nbr in neighbor
nodes N(a) of a and sum up them. This process requires O(n) time complexity. Therefore,
it takes O(n?) time in total to calculate routing capabilities for all distances d (2 <d<di-
am(HS(n, k))). a

From Theorem 1, it takes O(n”) time to calculate the routing capabilities with re-
spect to all distances at each node. If all the nodes calculate the routing capabilities in
sync, the total time complexity is O(rn?).

In an HS(n, k) graph with a set of faulty nodes F, a fault-tolerant routing algorithm
based on routing capabilities is shown in Fig. 3 as Procedure FTR. A non-faulty node src
can try to send a message to a non-faulty node dst by calling this procedure as FTR (src,
dst, F). At each intermediate node cur, which holds the message, the neighbor nodes on
the shortest paths from cur to the destination node ds¢ are checked to find the node nxr*
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that has R, (nx#*) = 1 and ensures delivery to dst by the shortest path. If it is found, the
message is forwarded to it. Otherwise, the neighbor nodes on the detour paths are
checked to find the node nxt that has R, (nxt) = 1 and ensures delivery to dst by the
detour path. If it is found, the message is forwarded to it. Otherwise, any non-faulty
neighbor node on the shortest path is selected to forward the message. Unfortunately, if
there is no non-faulty neighbor node on the shortest paths, a non-faulty node on the de-
tour path is selected and the message is forwarded to it.

procedure FTR(cur, dst, F)
begin
d := dist(cur, dst);
if d = 0 then deliver the message to cur
else if d = 1 then FTR(dst, dst, F)
else if Elnxt*e{nbrlnbrePre(cur, dst), R, (nbr) = 1} then
FTR (nxt , dst, F)
else if 3nxt € {nbr|nbr < Spr(cur,dst), Ry (nbr) = 1} then
FTR (nxt , dst, F)
else if 3Inxt ePre(cur,dst)\ F then FTR(nxt, dst, F)
else if EInxt*eSpr(cur, dst) \ F then FTR (nxt , dst, F)
else error(’'delivery failed’)
end

Fig. 3. Fault-tolerant routing algorithm based on routing capabilities.

It takes O(n) time to identify the preferred neighbor nodes of cur to dst Pre(cur,
dst) and the spare neighbor nodes of cur to dst Spr(cur, dst), and to check R, (nbr) to
find the node nx#*. Note that algorithm FTR may cause infinite loops. In FTR, if the
message is forwarded to an intermediate node whose routing capability with respect to
the distance to the destination node is equal to 1, the routing becomes successful. Other-
wise, if such a node does not exist in the neighbor nodes, the message is forwarded to a
non-faulty node. If the distance to the destination node is d, the number of the preferred
neighbor nodes is equal to [d/2]. Hence, if d is larger, the probability that a non-faulty
node exists in the preferred neighbor nodes is higher, and the message is forwarded to
one of them. However, if the message is close to the destination node, that is, d is small,
the probability that all of the preferred neighbor nodes are faulty becomes higher. If all
of them are faulty, FTR finds non-faulty nodes in the spare neighbor nodes, and forwards
the message to one of them. In the next step, if FTR forwards the message to the previ-
ous node again, an infinite loop is formed.

4. COMPUTER EXPERIMENT

We conducted a computer experiment to evaluate the performance of our algorithm
F'TR. Since there is no fault-tolerant routing algorithm for an HS(n, k) graph proposed so
far, we use a simple fault-tolerant routing algorithm SMP shown in Fig. 4. In this section,
we give the details of the experiment and its results. Note that the algorithm SMP may
also contain infinite loops. The computer experiment was carried out for an HS(n, k)
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graph, where (n, k) = (9, 2), (9, 3), (9, 4), (10, 2), (10, 3), (10, 4), and (10, 5) changing
the proportion of faulty nodes « from 0.0 to 0.9, and we have measured the proportion of
successful routings and their path lengths. In general, if the fault-tolerant routing algo-
rithm increases the proportion of successful routings, the lengths of the paths constructed
tend to be larger. Therefore, it is necessary for us to check that FTR does not cause ex-
cessively long routing paths. This is why we have measured the average path lengths
along with the proportion of successful routings.

procedure SMP (cur, dst, F)
begin
d := dist(cur, dst);
if d = 0 then deliver the message to cur
else if Elnxt*ePre(cur, dst)\ F' then SMP (nxf , dst, F)
else if Elnxt*eSpr(cur, dst)\ F then SMP (nxt, dst, F)

else error(’'delivery failed’)
end

Fig. 4. A simple fault-tolerant routing algorithm.

Concretely, first, we randomly selected faulty nodes in an HS(n, k) graph with the
proportion a. Next, we selected the source node src and the destination node dst from
non-faulty nodes randomly. Finally, after checking the connectivity of src and dst, we
applied the fault-tolerant routing algorithms. If src and dst are not connected, that is,
there is no fault-free path between them, we started over from the selection of faulty
nodes. For each pair of (n, k) and «, we executed at least 100,000 trials.

Figs. 5, 7,9, 11, 13, 15, and 17 show the proportions of successful routings by al-
gorithms FTR and SMP. Figs. 6, 8, 10, 12, 14, 16, and 18 show the average path lengths
by algorithms FTR and SMP. For comparison, these figures include the average lengths
of the fault-free shortest paths between the source and destination nodes.

To verify that the algorithm FTR is more effective than the algorithm SMP, we
conducted a Wilcoxon rank-sum test on the successful routing proportions and the aver-
age path lengths obtained by the experiment. Table 3 shows the results where the p value
represents the probability that a test statistic, the same as or more extreme than the ob-
served value W, is observed under the null hypothesis. The W value is defined as the
sum of ranks of the successful routings or the average path lengths by FTR among the
corresponding values by FTR and SMP in this experiment. For example, in an HS(9, 2)
graph, we changed the numbers of faulty nodes from 0 to 32 in the experiment, and
measured the proportion of successful routings or the average path lengths for each of
the faulty node numbers. In the test, we compared the results by the algorithms FTR and
SMP by using the Wilcoxon rank-sum test, where the proportion of successful routings or
the average path lengths for each number of faulty nodes were used as samples. From
Table 3, we can see a significant difference between the proportions of successful rout-
ings by the algorithms FTR and SMP in HS(9, 2) and HS(10, 2) graphs. On the other
hand, there was no significant difference between the average path lengths by the algo-
rithms FTR and SMP.
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Table 3. Results of a Wilcoxon rank-sum test.
) Wilcoxon rank-sum test (FTR vs SMP)
HS #nodes (i?rjﬁ;vizgzs) Succ. routing props. Average path lengths
W value p value W value p value
9,2 36 33(0,1,...,32) 1272 0.03" 1208 0.19
©,3) 84 38(0,2,...,74) 1575 0.24 1590.5 0.19
9,4) 126 24 (0,5, ..., 115) 620 0.51 638 0.30
(10, 2) 45 41(0, 1, ..., 40) 1949.5 0.02° 1854.5 0.16
(10, 3) 120 55(0,2,...,108) 3260 0.21 3305.5 0.13
(10,4) 210 39(0,5, ..., 190) 1614 0.46 1665 0.21
(10, 5) 252 24 (0, 10, ..., 230) 612 0.62 636 0.32

Based on this statistical analysis, we can say that the algorithm FTR performs better
than the algorithm SMP, with a small amount of additional cost, especially when the de-
grees of nodes are relatively unbalanced. When the proportion of faulty nodes becomes
higher, it becomes more difficult to find a pair of the source and destination nodes that
are non-faulty and connected. Thus, the found pairs become closer and closer. Eventual-
ly, the proportion of successful routings becomes higher as the additional cost becomes
lower.

5. CONCLUSIONS AND FUTURE RESEARCH

In this paper, we have introduced the concept of routing capabilities in a hyper-star
graph HS(n, k) and proposed a fault-tolerant routing algorithm. We have proved that the
time complexity to calculate routing capabilities with respect to all the distances at each
node is O(n?). In addition, we have conducted a computer experiment to verify that our
algorithm attains a high reachability to the destination nodes.

In the future research, we suggest incorporating a stochastic framework into our
method.
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