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Any undirected and simple graph G = (V, E), where V and E denote the vertex set and the 

edge set of G, is called Hamiltonian if it contains a cycle that visits each vertex of G exactly 

once. Ore proved that G is Hamiltonian if degG(u) + degG(v)  n holds for every nonadjacent 

pair of vertices u and v in V, where n is the total number of distinct vertices of G. Su, Shih, 

and Kao proved that any graph G satisfying Ore’s condition remains Hamiltonian after remov-

ing any one vertex x  V unless G belongs to one of two exceptional families of graphs. This 

paper proves that G − {x, y} is Hamiltonian for any two vertices x, y  V, unless G belongs to 

one of the eight exceptional families of graphs, denoted by i, where i  {1, …, 8}. 

 

Keywords: degree, Ore’s condition, Hamiltonian, 1-vertex fault Hamiltonian, 2-vertex fault 

Hamiltonian 

 

 

1. INTRODUCTION 
 

In this paper, we follow the definitions and notations from [1], and consider undi-

rected and simple graphs only. Let G = (V, E) be a graph with finite vertex set V and edge 

set E  {(u, v) | (u, v) is an unordered pair of V}. Let |G| or |V| denote the number of distinct 

vertices in G, Kn be the complete graph with n vertices,Kn be the graph with n isolated 

vertices, and Hi be a simple graph with i vertices. Two vertices u and v of G are adjacent 

if (u, v)  E. Given a vertex u of G, the neighborhood of u, denoted by NG(u), is the set {v 

| (u, v)  E}  V. The degree of u, denoted by degG(u), is defined by degG(u) = |NG(u)|. The 

minimum degree of G, denoted by (G), that is min{degG(u) | u  V(G)}; 2(G) is defined 

by 2(G) = min{degG(u) + degG(v) | u and v are non-adjacent vertices of G}. Let S be a sub-

graph of G. NS(u) and degS(u) are defined by NS(u) = NG(u)S, and degS(u) = |NS(u)|. Two 

edges in a graph G are called vertex-disjoint-edges, if the two edges have no common ver-

tex. A path in a graph is a single vertex or an ordered list of distinct vertices v0, v1, …, vk 

such that (vi-1, vi) is an edge for 1 ≤ i ≤ k. The first and the last vertices of a path are its 

endpoints. Let Cm denote a cycle with m vertices, where a cycle is a path of at least three 

vertices among which the first vertex is the same as the last vertex. A path (cycle) is a 

Hamiltonian path (cycle) if it traverses all vertices of V exactly once. A Hamiltonian graph 

is a graph with a Hamiltonian cycle. A non-Hamiltonian graph G is maximal if the addition 
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of any edge transforms the graph into a Hamiltonian one [2]. The length of a path or a 

cycle is the number of its edges [1]. The subgraph of G induced by S, denoted by G[S], is 

the subgraph formed by the vertex set S and the edges of G that connect two vertices in S. 

Specifically, the graph G[V − S] is denoted by G − S and for a vertex v of G, G − v is used 

to denote G − {v}.   

In addition, for vertices vi and vk with i  k, vi↗vk is a path notation used for simplic-

ity to denote vi, vi+1, vi+2, …, vk-1, vk, and vk↘vi to denote vk, vk-1, vk-2, ..., vi+1, vi [3].  

A graph G is connected if it has a path from u to v for each pair of distinct vertices u, 

vV(G). A vertex cut of a graph G is a set S  V(G) such that G − S has more than one 

component. A graph is k-connected if every vertex cut has at least k vertices. The connec-

tivity of G, denoted by κ(G), is the minimum size of a vertex cut. That means κ(G) is the 

maximum k such that G is k-connected. A graph G is Hamiltonian-connected if there exists 

a Hamiltonian path joining any two different vertices of G.  

Theorem 1, a well-known theorem proved by Ore [4], has inspired many studies about 

Hamiltonian graphs. 

 

Theorem 1: A simple graph G = (V, E) with |G| = |V| = n  3 is Hamiltonian if, for each pair 

of nonadjacent vertices u and v in V, degG(u) + degG(v)  n.  

 

Theorem 2: Suppose that G is a graph and u, v are distinct nonadjacent vertices of G with 

degG(u) + degG(v)  |G|. Then G is Hamiltonian if and only if G + (u, v) is Hamiltonian [4].  

 

Theorem 3: Let G = (V, E) be a Hamiltonian graph and S be a subset of V. Then the graph 

G − S has at most |S| components [1]. 

 

Given a graph G = (V, E), E͂  E, and F  V  E, we use G − E͂ to denote the subgraph 

obtained by removing E͂ from G, and G − F to denote the graph obtained by removing F 

from G, where V(G − F) = V − F  V and E(G − F) = E −{e| e is adjacent to any vertex in F 

 V} − E  F. Suppose that G − F is Hamiltonian for any F  V  E and |F| ≤ k. Then G is 

called a k-fault-Hamiltonian graph. If F  V and |F| ≤ k, G is called a k-vertex-fault-Ham-

iltonian graph; if F  E and |F| ≤ k, G is called a k-edge-fault-Hamiltonian graph. It is easy 

to see that every k-fault- (k-vertex-fault- or k-edge fault-) Hamiltonian graph has at least k 

+ 3 vertices [1]. Moreover, the degree of each vertex in a k-fault-Hamiltonian graph is 

found to be at least k + 2 [1].  

To study Hamiltonian fault-tolerance, we introduce several operations for graphs. Let 

G1 = (V1, E1) and G2 = (V2, E2) be two simple graphs. We say that G1 and G2 are disjoint if 

they have no vertex in common, and they are edge-disjoint if they have no edge in common. 

The union of G1 and G2, denoted by G1  G2, is a graph with V(G1  G2) = V(G1)  V(G2) 

and E(G1  G2) = E(G1)  E(G2); if G1 and G2 are disjoint, we sometimes denote their union 

by G1 + G2, and the union of k copies of G1 by kG1. The join of disjoint graphs G1 and G2, 

denoted by G1  G2, is the graph obtained from G1 + G2 by joining each vertex of G1 to 

each vertex of G2 [1].  

In 1985, Ainouche and Christofides proved the following two theorems [5, 6]. 

 

Theorem 4: If G is a connected graph of order n  3 such that degG(x) + degG(y)  n− 1 

for each pair of nonadjacent vertices x, y in G, then G is Hamiltonian or G{H1  (Kh  
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Kt), H(n-1)/2 
( 1)/2}.nK +

  

 

Theorem 5: Let G = (V, E) be a 2-connected maximal non-hamiltonian graph of order n 

 5. If degG(a)+degG(b)  |G| − 2 for any two non-adjacent vertices a, b, then G is is-

omorphic to one of the following five graphs:  

1 ( 1) ( 1)/2 ,n nG K K − +
=  n is odd; G2 = K(n-2)/2 


( 2)/2 ,nK +

n is even; G3 = K(n-2)/2 
( 2)/2 2),nK K−  n is even; G4 = K2  (2K2  K1); G5 = K2 

 3K2. 

If κ(G)  2 is added to Theorem 4, then, it can be concluded that G is Hamiltonian or 

G = H(n-1)/2 
( 1)/2.nK +

 

In 2012, Su, Shih, and Kao proved in the following theorem that a graph G satisfying 

Ore’s condition can be 1-fault Hamiltonian except that G belongs to two families of graphs 

[7]. 

 

Theorem 6: Let G = (V, E) be a graph with |G| = |V| = n  3. Suppose that degG(u) + degG(v) 

 n holds for any nonadjacent pair {u, v}  V, then either G is 1-vertex-fault hamiltonian 

or G belongs to one of the two families G1 and G2. In addition, G is either 1-edge-fault 

hamiltonian or GG1 with s{1, 2}.  

In Theorem 6, the two exceptional families of graphs are:  

G1  {K3}  {H2  (Ks + Kt)|s + t = n − 2, s  1, t  1}, and G2  {Hs  sK1|2s = n}, where H2 

is any simple graph with 2 vertices, Hs is any simple graph with s vertices, as illustrated in 

Fig. 1. 

 

 
(a)                                (b) 

Fig. 1. An illustration of graphs of (a) {H2  (Ks + Kt) | s + t = n − 2, s  1, t  1} in G1; (b) G2. 

 

If the condition κ(G)  3 is added to Theorem 6, and let |G| = |V| = n  4, then, either 

G is 1-vertex-fault Hamiltonian or GG2.   

In 2013, Zhao pointed out some non-hamiltonian graphs in the following two theo-

rems [8].  

 

Theorem 7: If G is a connected graph of order n  3 such that degG(x) + degG(y)  n 

− 2 for each pair of nonadjacent vertices x, y in G, then either G is Hamiltonian or G is 

isomorphic to one of the following nine graphs: (1) K1,3; (2) H2  3K2; (3) H2  (2K2  K1); 

(4) Kh : w : Kt; (5) (H(n-1)/2 
( 1)/2nK +

) − e; (6) K1: C6; (7) H(n-1)/2 
( 1)/2nK +

; (8) H(n-2)/2  

(
( 2)/2nK −

K2); (9) H(n-2)/2
( 2)/2nK +

.   

 

Theorem 8: If G is a 2-connected graph of order n  9 such that degG(x)+degG(y)  n 

− 2 for each pair of nonadjacent vertices x, y in G, then G is Hamiltonian or G{(H(n-

1)/2 
( 1)/2 )nK +

− e, H(n-1)/2 
( 1)/2nK +

, H(n-2)/2 (
( 2)/2nK −

 K2), H(n-2)/2 
( 2)/2nK +

}.  

The graphs (4)-(6) given in Theorem 7 need further discussion. In Theorem 7, accord-

ing to [8], the notation Kt in (4) denotes a graph removing some (none, one, or more) 
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vertex-disjoint edges of Kt; and the operating notation “:” denotes that edges are added 

from w to Kh and Kt as long as 2(G)  |G| − 2 holds. Apparently, κ(G) = 1. See Fig. 2. 

It is easy to see that Kh : w : Kt can be replaced by Kh : w : Kt. In the graph, “e” stands for 

an edge (vi, vk), where viH(n-1)/2, vk 
( 1)/2.nK +

   

In addition, based on the definition in [8], V(K1：C6) = V(K1)V(C6) with V(K1) = {u}, 

C6 = v1, v2, v3, v4, v5, v6, V(C6) = V(C6), E(C6) = E(C6)  (v1, v4)  (v3, v6)  (v5, v2), and 

E(K1：C6) = E(C6)  (u, v6)  (u, v2), the graph (6), G = K1：C6, can be illustrated by Fig. 

3 (a), that is G = K3 K4 − (v4, v7 = u). Thus G belongs to H3 K4 − e, which is (5) in 

Theorem 7.    

 

                  
                                                           (a)                       (b) 

Fig. 2. G = Kh : w : Kt.               Fig. 3. (a) G = (K1：C6) = K3 K4 – (v4, v7). (b) G3.  

 

In 2016, we attempted to explore the topic of 2-vertex-fault Hamiltonian graph, and 

2-edge-fault Hamiltonian graph. Some preliminary findings are presented in [9]. However, 

the results there are incomplete, and no formal proof is provided. 

In this paper, we aim to find the exceptional families of any 2-vertex-fault Hamilto-

nian graph satisfying the degree-sum condition in Theorem 1. Since G is not 2-vertex-fault 

tolerant (2-edge-fault tolerant) when the vertex-connectivity of a graph G is equal to or less 

than 3, we only consider graphs whose vertex connectivities are greater than or equal to 4. 

2. MAIN RESULTS 

The graph G1 : G2 is defined to be a graph obtained from G1 + G2 by connecting some 

vertices of G1 to some vertices of G2, possibly with constraints on how edges are added. 

For three simple graphs G1, G2 and G3, the notation G1 : G2 : G3 is defined to be G1 : G2 : 

G3 = (G1 : G2) : G3. So G1 : G2 : G3 is the graph obtained from G1 + G2 + G3 by connecting 

some vertices of Gs to some vertices of Gt, possibly with constraints on how edges are 

added, where s, t  {1, 2, 3} and s  t. Therefore, G1 + G2  G1 : G2  G1  G2, and (G1 + 

G2 + G3)  G1 : G2 : G3  (G1  G2)  G3. For example, suppose G1 : G2 : G3 = Hi : x : y, 

where Hi is a simple graph with 𝑖 vertices, and x and y are two vertices not belonging to 

V(Hi). Then Hi + x + y  Hi : x : y  Hi  x  y.    
For studying 2-vertex-fault Hamiltonian graphs, we introduce the following definition. 

 

Definition 9: Let Hk be any simple graph with k vertices. Define i for 1 ≤ i ≤ 8 as below.    

(1) 1 = H4  3K2. See Fig. 4.   

(2) 2 = H4  (2K2  K1). See Fig. 5.  

(3) 3 = (H(n+1)/2 
( 1)/2)nK −

− (v, v), v V(H(n+1)/2), v 
( 1)/2( ),nV K −

n is odd, n  9, 2 

(H(n+1)/2)  1, and degH(n+1)/2(v)  2. See Fig. 6 (a).    

(4) 4 = (H(n+1)/2 
( 1)/2)nK −

, n is odd, n  7. When n = 7, κ(H4)  1; when n  9, 2(H(n+1)/2)  
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1. See Figs. 7 and 8.      

(5) 5 = (Hn/2)  (
( 4)/2nK −

  K2) where Hn/2 
/2nK , n is even and n  8. See Fig. 9 (a).    

(6) 6 = (Hn/2) 
( 4)/2nK −

  K2) − (v, v) for n even and n  8, where the complete graph in 

(
( 4)/2nK −

 K2) is with (v1, v2), v (v1, v2), and v𝜶Hn/2 with degH(n/2)(v𝜶)  1. See Fig. 

9 (c), Figs. 10 (a), and (b).     

(7) 7 = (Hn/2)  (
( 4)/2nK −

 K2) − (v, v) − (v, v) for n even and n  8, where the complete 

graph in (
( 4)/2nK −

 K2) is with (v1, v2); v, v {v1, v2}, v v; v𝜶, v Hn/2, v𝜶  v with 

degH(n/2)(v𝜶)  1 and degH(n/2)(v)  1. See Fig. 9 (d), Figs. 10 (d)-(e), and Fig. 11.  

(8) 8 = Hn/2 
/2nK , n is even, n  8. See Fig. 12.   

 

It is clear that κ(i)  4, for i = 1, …, 8. 

 

 
Fig. 4. 1 = H4  3K2. V(H4) = {v3, v6, x, y}. The three complete graphs in 3K2 are with V(K2) = {vi, 

vi+1}, for i = 1, 4, 7. deg
1
()  6 for H4; and deg

1
(vi) = 5 for i = 1, 2, 4, 5, 7, 8.   

  

 
Fig. 5. 2 = H4  (2K2  K1). V(H4) = {v3, v6, x, y}. The two complete graphs in 2K2 are with V(K2) = 

{vi, vi+1}, for i = 1, 4; and V(K1) = {v7}. deg𝜂
2()  5 for   H4; deg𝜂

2(vi) = 5 for i = 1, 2, 4, 5 and 

deg𝜂
2(v7) = 4.  

 

      
(a)                               (b) 

Fig. 6. (a) n = 9, G = (H5 K4) − (v3, v6), with 2(H5)  1, degG(v3) = 4, degH5(v6)  2, degG(v6)  5, 

where V(H5) = {v2, v4, v6, x, y}, V(K4) = {v1, v3, v5, v7}; 2(G)  n, G3; (b) n = 9, G = (H3 K4) − 

(v3, v6), |G| = 7, 2(G)  n − 4.  

 

 
Fig. 7. n = 7, 4 = (H4 K3), with κ(H4)  1. V(H4) = {v2, v4, x, y}, V(K3) = {v1, v3, v5}; deg𝜂

4() > 3 

for H4; and deg𝜂
4(vi) = 4 for i = 1, 3, 5.   
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(a)                           (b)                           (c) 

Fig. 8. (a) n = 9, 4 = (H5 K4), with 2(H5)  1, V(H5) = {v2, v4, v6, x, y}, V(K4) = {v1, v3, v5, v7}. 

deg𝜂
4()  4 for H5; and deg𝜂

4(vi) = 5 for i = 1, 3, 5, 7; (b) n = 9, G = (H5 K4) − (x, v5), with 2(H5) 

 1, degG(v5) = 4, degH5(x)  2, and degG(x)  5. G3; (c) n = 9, G = (H3 K4), |G| = 7, 2(G)  n 

− 4. 

      
(a)                             (b) 

      
(c)                                   (d) 

Fig. 9. (a) n = 10, 5 = H5  (K3  K2), V(H5) = {v3, v5, v7, x, y}, V(K3) = {v4, v6, v8}, the complete graph 

in (K3  K2) is with V(K2) = {v1, v2}; H5 K5. deg𝜂
5()  5 for H5; and deg𝜂

5(vk) = 5 for k = 4, 6, 8; 

deg𝜂
5(vi) = 6 for i = 1, 2; (b) n = 10, |G| = 8, G = H3  (K3  K2); (c) n = 10, G = H5  (K3  K2) − (v1, 

x) with degH5(x)  1. G6; (d) n = 10, G = H5  (K4  K2) − (v1, y) − (v2, x) with degH5(x)  1 and 

degH5(y)  1. G7. 

  

     
(a)                              (b)                                (c) 

 
                 (d)                                (e)                                (f) 

Fig. 10. (a) n = 12, G = H6  (K4  K2) − (v3, v1) with degH6(v3)  1. G6; (b) n = 12, G = H6  (K4  

K2) − (v9, v2) with degH6(v9)  1. G6; (c) n = 12, |G| = 10, G = H4  (K4  K2) − (v9, v2); (d) n = 12, 

G = H6  (K4  K2) − (v9, v2)−(x, v1) with degH6(v9)  1 and degH6(x)  1. G6; (e) n = 12, G = H6  

(K4  K2) − (y, v2) − (v3, v1) with degH6(y)1 and degH6(v3)  1. G7; (f) n = 12, |G| = 10, G = H4  

(K4  K2) − (v3, v1).  
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(a)                             (b) 

Fig. 11. (a) n = 12, 7 = H6  (K4  K2) − (v3, v1) − (v9, v2) with degH6(v3)  1 and degH6(v9)  1; (b) n 

= 12, |G| = 10, G = H4  (K4  K2) − (v1, v3) − (v9, v2).  

 
Fig. 12. n = 10, 8 = H5 K5. V(H5) = {v2, v4, v6, x, y}, V(K5) = {v1, v3, v5, v7, v8}; deg𝜂8(vi)  5 for i = 

1~8, deg𝜂
8(x)  5, deg𝜂

8(y)  5.  

 

Lemma 10: If G{1, 2, 3, 4, 5, 6, 7, 8} with |G| = n, then  

(1) degG(u) + degG(v)  n holds for any nonadjacent pair of vertices {u, v} in G;  

(2)1, 2, 3, 4, 5, 6, 7 are 1-vertex-fault Hamiltonian; and  

(3)1, 2, 3, 4, 5, 6, 7, 8 are not 2-vertex-fault Hamiltonian. 

 

Proof:  

(1) For any graph G{1, 2, 3, 4, 5, 6, 7, 8} with |G| = n, it is obvious that degG(a) 

+ degG(b)  n holds for any nonadjacent pair of vertices {a, b} in G. Thus, by Ore’s 

theorem, G is Hamiltonian.  

For 4 = H(n+1)/2 
( 1)/2nK −

, by 2(H(n+1)/2)  1, we can obtain that 2(4)  n. If n = 7, we 

have 4 = (H4 K4). To ensure “κ(H4  K3)  4”, we must have “κ(H4)  1”. 

For 3 = (H(n+1)/2 
( 1)/2nK −

) − (v, v𝜃), v𝜶V(H(n+1)/2), and v𝜽V(
( 1)/2nK −

), we have 

degG(v𝜃) = (n−1)/2. To meet the condition degG(v)+degG(v𝜃)  n, we must have degG(v) 

 (n+1)/2, which requires degH(n+1)/2(v)  2.  

(2) For any graph G{1, 2, 3, 4, 5, 6, 7}, it can be seen that G{G1, G2}, so G is 1-

vertex-fault Hamiltonian. 

(3) For any graph G obtained by deleting two vertices x and y from G{1, 2, 3, 4, 5, 

6, 7, 8}, the number of components of G− S is greater than |S| for some S  V(G). 

Thus, by Theorem 3, G is not 2-vertex-fault Hamiltonian.                      ❑ 

 

Lemma 11: Let G = (V, E) be any graph with |V| = n  3 such that for any nonadjacent 

vertices u and v, degG(u) + degG(v)  n, and let G = (V, E) with |V| = |V  {x}| = n + 1 = 

n. Then we have  

(1) If E = E  {(x, y) | y = u, v; where degG(u) + degG(v)  n, and u, v are nonadjacent in 

G}, then for any nonadjacent vertices u and v belonging to G, we have degG(u) + degG 

(v)  n + 1.   

(2) If E = E  ({(x, y) | y = u, v; where degG(u) + degG(v)  n, and u, v are nonadjacent in 

G}−e), then for any nonadjacent vertices u and v belonging to G, we have degG(u) + 

degG(v)  n.  
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Lemma 12: G = (V, E) is a graph with |V| = n − 2  5. G is not Hamiltonian but contains 

a Hamiltonian path v1, v2, v3, …, vn-2. Let NG(v1) = {vl1, vl2, vl3, …, vld} with 2 = l1 < l2 < l3 

< … < ld. Then (v(n-2), v(lr-1))E for each lr with 1 ≤ r ≤ d. On the other point of view, if vi 

NG(vn-2), then (v1, vi+1)E(G) [7].     

 

Proof: If (v(n-2), v(lr-1))E for some lr with 1 ≤ r ≤ d, then G contains a Hamiltonian cycle 

v1, v2, …, v(lr-1), v(n-2), v(n-3), …, vlr, v1.                                                            ❑  

 

Lemma 13: G = (V, E) is a graph. If G is not Hamiltonian but contains a Hamiltonian 

path v1, v2, v3, …, vn-2, where vr, vsNG(v1), and vr, vsNG(vn-2), for r  s, then, (vr-1, vs-

1)E and (vr+1, vs+1)E.  

  

Proof: G has a Hamiltonian path v1, v2, …, vr-1, vr, vr+1, …, vs-1, vs, vs+1, …, vn-3, vn-2. 

If (vr-1, vs-1)E, then G contains a Hamiltonian cycle: 

v1, v2, ↗, vr-1, vs-1, ↘, vr+1, vr, vn-2, ↘, vs, v1.  

If (vr+1, vs+1)E, then G contains a Hamiltonian cycle: 

v1, v2, ↗, vr-1, vr, vn-2, ↘, vs+1, vr+1, ↗, vs-1, vs, v1.                       ❑ 

  

Lemma 14: G = (V, E) is a graph with |V| = n−2  5 that is not Hamiltonian but contains 

a Hamiltonian path HP = v1, v2, v3, …, vn-2. Let NG(vn-2) = {vm1, vm2, vm3, …, vme} with m1 

< m2 < m3 < … < me = n−3, and (v1, vn-3)E. 

If vmr, vmsNG(vn-2), w.l.o.g., mr < ms, then   

(1) (vmr-1, vms-1)E(G); (2) (vmr+1, vms+1)E(G); (3) (vmr+1, vn-2)E(G); (4) (vmr-1, vn-2) 

E(G); (5) if degG(vn-2)  (n−2)/2, then there is a Hamiltonian cycle in G.  

 

Proof: G has a Hamiltonian path v1, v2, …, vmr-1, vmr, vmr+1, …, vms-1, vms, vms+1, …, vn-3, vn-2, 

and vmr, vmsNG(vn-2).  

(1) If (vmr-1, vms-1)E(G), then v1, vn-3, ↘, vms+1, vms, vn-2, vmr, vmr+1, ↗, vms-1, vmr-1, ↘, v2, v1 is 

a Hamiltonian cycle. 

(2) If (vmr+1, vms+1)E(G), then v1, vn-3, ↘, vms+1, vmr+1, vmr+2, ↗, vms-1, vms, vn-2, vmr, ↘, v2, v1 is 

a Hamiltonian cycle. 

(3) If (vmr+1, vn-2)E(G), then v1, vn-3, ↘, vmr+1, vn-2, vmr, ↘, v2, v1 is a Hamiltonian cycle. 

(4) If (vmr-1, vn-2)E(G), then v1, vn-3, ↘, vmr, vn-2, vmr-1, ↘, v2, v1 is a Hamiltonian cycle.   

 

Hence, in the Hamiltonian path HP, there are no two consecutive vertices that belong 

to NG(vn-2). It can be seen that the vertices of {vm1-1, vm2-1, vm3-1, ..., vme-1}  {vn-2} = N
−
G(vn-

2) {vn-2} are mutually nonadjacent to each other; and the vertices of {vm1+1, vm2+1, vm3+1, …, 

vme+1}  {v1} = N
+
G(vn-2)  {v1} are mutually nonadjacent to each other too. 

(5) If degG(vn-2)  (n−2)/2, |{v2, v3, …, vn-3}| = n–4, and (n−4)/2+1 = (n−2)/2 ≤ deg G(vn-2), 

there must exist some i with 2 ≤ i ≤ (n − 4) such that both vi and vi+1 are adjacent to vn-2. 

This contradicts with statements (3) and (4).                                   ❑  

 

Definition 15: Let G = (V, E) be a graph with |V| = n−2 containing a Hamiltonian path 

HP = v1, v2, v3, …, vn-2. NG(v1) = {vl1, vl2, vl3, …, vld} with 2 = l1 < l2 < l3 < … < ld. For the 

sake of simplicity, we define some notations that we will use in the rest of this paper.  

(1) SH = {vi | (v1, vi+1)E(G)};  
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(2) TH = {vi | (vi, vn-2)E(G)}, which is NG(vn-2);   

(3) WH = {vi | vi V(G) − {vn-2}, viSH, and vi TH};  

(4) N
−
G(vn-2) = {vs-1 | vsNG(vn-2)};  

(5) N
+
G(vn-2) = {vs+1 | vsNG(vn-2)}; 

(6) VLD = {vi | ld + 1  i  n − 2};  

(7) G[VLD  {vld}] denote the subgraph induced by VLD  {vld};  

(8) KVLD be a complete graph formed by the vertices of VLD;  

(9) KVLD denote a graph removing some (none, one, or more) vertex-disjoint-edges of 

KVLD;   

(10) KVLD{vld} denote the complete graph with vertex set VLD  {vld};  

(11) KVLD{vld} denote a graph obtained by removing some (none, one, or more) vertex-

disjoint-edges from the complete graph KVLD{vld};   

(12) Vin = {vi |viNG(v1), i < ld};  

(13) Vd = {v1}  {vi |vi NG(v1), i < ld};  

(14) G[Vd {vld}] denote the subgraph induced by Vd {vld};   

(15) KVd{vld} be a complete graph formed by the vertices of Vd {vld};  

(16) KVd{vld} denote a graph removing some (none, one, or more) vertex-disjoint-edges of 

KVd{vld}.   

     

Table 1. Hamiltonian path and row of “SH, TH, WH”. 
 1 2 ... t ... w ... b−1 b = ld ... n−3 n−2 

1 v1 v2 ... vt … vw ... vb-1 vb … vn-3 vn-2 

2  vl1 
    ... … vld 

   

3 SH … … TH … WH ... SH  ... TH  

    

In Table 1, we put each element of the Hamiltonian path HP in the first row and 

examine every element. There is no doubt that v1SH because v2 = vl1. So, we denote the 

(3,1) entry as SH. For element v2, we denote the (3,2) entry as SH if v2SH, as TH if v2 TH, 

or as WH if v2WH. We repeatedly perform the examination from v3 to vn-4, and then place 

the appropriate symbol on the corresponding entry. Since (vn-3, vn-2)E(G) indicates vn-3 

TH, we denote the (3, n−3) entry as TH. When vb = vld, the (3, b−1) entry is denoted by SH. 

Since ld is the largest index, it can be seen that either viTH or viWH for each i where b  

i  n−4. Furthermore, TH is the entry of (3, t) which implies (vt, vn-2)E(G). When WH is 

the entry of (3, w), then we must have (vw, vn-2)E(G) and (v1, vw+1)E(G).  

 

Lemma 16: Let G = (V, E) be a graph with |V| = n  7, and 2(G)  n. For some vertices x, 

yV, let G = (V, E) with V = V − {x, y} and E = E − {(x, s) and (y, t) | s, tV}. Suppose 

that G is not Hamiltonian but contains a Hamiltonian path v1, v2, v3, …, vn-2. Then the 

following three statements are true:  

 

(1) degG(v1) + degG(vn-2) = n−4 or n −3.   

(2) If degG(v1)+degG(vn-2) = n−3, then NG(vn-2) = {va|1  a  n−3} − {vb|(v1, vb+1)E(G)}; 

Namely, if any vertex va in G−{v1} is not adjacent to v1, then va-1 must be adjacent to vn-2. 

(3) If degG(v1) + degG(vn-2) = n−4, then NG(vn-2){va|1  a  n−3} − {vb|(v1, vb+1)E(G)}, 

and |NG(vn-2)| = |{va|1  a  n−3}| − |{vb|(v1, vb+1)E(G)}| − 1 [7]. 
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Proof: Note that SH, TH, WH are defined in Definition 15, and degG(u)+degG(v)  n−4 

holds for any nonadjacent pair {u, v}V. If G is not Hamiltonian but contains a Hamil-

tonian path v1, v2, v3, …, vn-2, then it is easy to see that (v1, vn-2)E, which implies 

degG(v1) + degG(vn-2)  n−4.    

Since vn-2SHTH, we have |SHTH| < n−2. Furthermore, we claim that SHTH = . 

If SHTH  , there must be some vertex, called v, such that vSHTH. This implies that 

(v1, v+1)E(G), and (v, vn-2)E(G). By Lemma 12, this is a contradiction. 

Clearly, degG(v1) + degG(vn-2) = |SHTH| < n−2. Consequently, we have degG(v1) + 

degG(vn-2) = n−3 or n−4 and THV(G)−(SH{vn-2}). Note that |SHTH| + |{vn-2}| + |𝑊𝐻 | = 

n – 2. If degG(v1) + degG(vn-2) = n − 3, then |WH| = 0 and NG(vn-2) = {va|1  a  n−3} − 

{vb|(v1, vb+1)E(G)}. If degG(v1) + degG(vn-2) = n − 4, then |WH| = 1 and |NG(vn-2)| = |{va|1 

 a  n−3}| − |{vb|(v1, vb+1) E(G)}| − 1.                                      ❑   

 

The above proof shows that when degG(v1) + degG(vn-2) = n − 3, we must have either 

viSH or viTH  viV−{vn-2}, which indicates that there is a row of “SH, TH” correspond-

ing to the Hamiltonian path. On the other hand, when degG(v1) + degG(vn-2) = n − 4, then 

we must have any one of the three: (1) viSH; (2) viTH; (3) viWH  viV−{vn-2}, which 

indicates that there is a row of “SH, TH, WH” corresponding to the Hamiltonian path. In the 

following, we will only use “SH, TH, WH” to represent a row of “SH, TH, WH” or a row of 

“SH, TH”.  

 

Lemma 17: Let G = (V, E) be a graph with |V| = n – 2  7, and 2(G)  n − 4. Suppose 

that G is not Hamiltonian but contains a Hamiltonian path v1, v2, v3, …, vn-3, vn-2 with 

NG(vn-2) = {vm1, vm2, vm3, …, vme}, in which m1 < m2 < m3 < …< me = n − 3, and (v1, vn-3)E. 

Then, we have  

(1) (n − 5)/2 ≤ degG(vn-2) ≤ (n − 3)/2.   

(2) If n is odd, for each element vmt-1N
−
G(vn-2), we have (n−5)/2 ≤ degG(vmt-1) ≤ (n−3)/2; 

and for each element vmt+1N
+
G(vn-2), we have (n−5)/2 ≤ degG(vmt+1) ≤ (n−3)/2.  

(3) If n is even, for each element vmt-1N
−
G(vn-2), we have (n−4)/2 ≤ degG(vmt-1) ≤ (n−2)/2; 

and for each element vmt+1N
+
G(vn-2), we have (n−4)/2 ≤ degG(vmt+1) ≤ (n−2)/2.  

 

Note that if there exists one vmt-1 with degG(vmt-1) = (n−2)/2, then, vmt-1 is the only one 

vertex of degree (n−2)/2 in N
+
G(vn-2). Similarly, if there exists one vmt+1 with degG(vmt+1) = 

(n−2)/2, then, vmt+1 is the only one vertex of degree (n−2)/2 in N
+
G(vn-2). 

(4) degG(vmt-1) + degG(vms-1) ≤ (n−3) for each vmt-1, vms-1N
−
G(vn-2); and degG(vmt+1) + degG 

(vms+1) ≤ (n−3) for each vmt+1, vms+1N
+
G(vn-2).   

(5) If degG(vn-2) = (n−5)/2, then degG(vmt-1) = (n−3)/2, vmt-1N
−
G(vn-2); and degG(vmt+1) = 

(n−3)/2, vmt+1N
+
G(vn-2) − {vn-2}.    

(6) If there is an element vmt-1N
−
G(vn-2), with degree (n−5)/2, then the degrees of all other 

vertices vms-1N
−
G(vn-2) are equal to (n−3)/2, and degG(vn-2) = (n−3)/2. 

(7) If there is an element vmt+1N
+
G(vn-2) with degree (n−5)/2, then the degrees of all other 

vertices, vms+1N
+
G(vn-2), are equal to (n−3)/2.   

 

Proof:  

(1) Lemma 14 (5) has proved that degG(vn-2) ≤ (n−3)/2 for n is odd; and degG(vn-2) ≤ 

(n−4)/2 for n is even. By Lemma 14, “the vertices of N
−
G(vn-2){vn-2} are mutually non-
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adjacent to each other”, we have degG(vmt-1) + degG(vn-2)  n – 4, for every vmt-1N
−
G(vn-2). 

If degG(vn-2) < (n−5)/2, then we must have degG(vmt-1) > (n−3)/2, that is degG(vmt-1)  

(n−1)/2. This implies that degG(vms-1)+degG(vmt-1)  (n−2), for every two vertices vms-1, vmt-1 

N
−
G(vn-2). By Lemma 14, G+(vms-1, vmt-1) is Hamiltonian, but, by Theorem 2, G is Ham-

iltonian, which is a contradiction to the assumption that G is not Hamiltonian. 

(2) When n is odd, for each vmt-1N
−
G(vn-2), if degG(vmt-1) < (n−5)/2, then, by (1), degG(vmt-1) 

+ degG(vn-2) < n−4, which is a contradiction. On the other hand, since the vertices of N
−
G(vn-2) 

{vn-2} are mutually nonadjacent to each other, for each vmt-1N
−
G(vn-2), we have NG(vmt-1) 

{v1, v2, v3, …, vn-3, vn-2}−{{vm1-1, vm2-1, vm3-1, ..., vme-1}{vn-2}}, hence 

degG(vmt-1) ≤ (n−2) − |N
−
G(vn-2)  {vn-2}|  (n−3) − |NG(vn-2)|.    (1) 

By statement (1) of this Lemma, when n is odd, we have degG(vn-2) = (n−3)/2 or degG(vn-2) 

= (n−5)/2. If degG(vn-2) = (n−3)/2, Eq. (1) shows that degG(vmt-1) ≤ (n−3) − (n−3)/2 ≤ (n−3) 

/2. If degG(vn-2) = (n−5)/2, we have degG(vmt-1)  (n−1)/2 by Eq. (1). In order to maintain 

the condition of degG(vmt-1)+degG(vn-2)  n−4, for each vmt-1N
−
G(vn-2), we must have 

degG(vmt-1)  n − 4 − degG(vn-2)  (n−3)/2.    (2) 

Hence, if there exists a vertex vms-1N
−
G(vn-2) and degG(vms-1) = (n−1)/2, then, by Eq. (2), 

we will have degG(vmt-1)+degG(vms-1)  n−2. Thus, by Lemma 14, G+(vms-1, vmt-1) is Ham-

iltonian, and by Lemma 2, G is Hamiltonian, which is a contradiction. Therefore, we ob-

tain (n−5)/2 ≤ degG(vmt-1)  (n−3)/2, for each vmt-1N
−
G(vn-2).  

In a similar manner, for each vmt+1N
+
G(vn-2), we have (n−5)/2 ≤ degG(vmt+1) ≤ (n−3)/2. 

(3) When n is even, in a similar manner, we can prove that the statement holds. 

(4) Obviously, the statement is true.   

(5) Since degG(vn-2) + degG(vmt-1)  (n−4), vmt-1N
−
G(vn-2), if degG(vn-2) = (n−5)/2, we 

have degG(vmt-1)  (n−3)/2. However, we have learned from (2) that degG(vmt-1) ≤ (n−3)/2. 

Hence, we have degG(vmt-1) = (n−3)/2.  

Similarly, we can prove that degG(vmt+1) = (n−3)/2, vmt+1N
+
G(vn-2) − {vn-2}. 

The proofs of (6) and (7) are similar to the proof of (5). This completes the proof.  ❑ 

   

Theorem 18: (Erdős) Suppose that G is a graph such that any two nonadjacent vertices of 

G satisfying degG(u)+degG(v)  n(G)+1. Then G is Hamiltonian-connected [1, 10, 11]. 

 

Lemma 19: G = (V, E) is not Hamiltonian but contains a hamiltonian path HP = v1, v2, 

v3, …, vn-2 with |V| = n – 2  7, 2(G)  n − 4, NG(v1) = {vl1, vl2, vl3, ..., vld} with 2 = l1< 

l2 < l3 < … < ld. Then the following statements are true.  

(1) If degG(v1)+degG(vn-2) = n – 3, then degG(vi)+degG(v1) = n − 3 or n – 4 for any i, where 

ld + 1 ≤ i ≤ n − 2.  

(2) If ld ≤ n – 6, then G[VLD  {vld}] is Hamiltonian-connected. 

(3) If |Vin| = 0, then   

(i) G is not 2-connected;   

(ii) GVd : vld : VLD.  

Note that VLD, G[VLD  {vld}], KVLD{vld}, KVLD{vld}, Vin, Vd, G[Vd {vld}], KVd{vld}, KVd 

{vld}, KVLD and KVLD are defined in Definition 15.   

Proof: Let ld = b. In Table 2, we place the vertices of the Hamiltonian path HP = v1, …, 
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vld-1, vld, vld+1, …, vld+i, vld+i+1, vld+i+2, …, vld+k, …, vn-3, vn-2 on the entries in the first row, in 

which vld is in the bth column, vld+i is in the (ld+i)th
 column, vld+k is in the (ld+k)th column, and 

so on, where i < k. The entries of the 2nd and 3rd rows are assigned to be “SH, TH, WH” 

corresponding to the Hamiltonian path HP (note that SH, TH, and WH are defined in De-

finition 15).   

Table 2. Hamiltonian paths HP and Pld+i. 
 1 . b−1 b ld+1 . ld+i ld+i+1 ld+i+2 . n+i-k-2 . ld+k . n−3 n−2 

1 v1 . vld-1 vld vld+1 . vld+i vld+i+1 vld+i+2 . vn+i-k-2 . vld+k . vn-3 vn-2 

2 SH  SH TH TH  TH TH …  TH TH TH  TH  

3 SH  SH TH TH  WH TH …  … TH TH  TH  

4 …  … … …  … … …  …    … … 

5 v1 . vld-1 vld vn-2 . vn-i-1 vn-i-2 vn-i-3 . vk-i+1+ld . vn-k-1 . vld+2 vld+1 

6 v1 . vld-1 vld vld+1 . vn-i vn-i-1 vn-i-2 . vk-i+2+ld . vn-k . vld+3 vld+2 

7 …  … … …  … … …  …    … … 

8 v1 . vld-1 vld vld+1 . vn-2 vn-3 … . vld+k . vn+i-k-2 . vld+i+1 vld+i 

9 SH  SH TH TH  TH TH …  WH  TH  TH  

10 SH  SH TH TH  WH TH …  TH  TH  TH  

11 v1 . vld-1 vld vld+1 . vld+i vn-2 vn-3 . vld+k+1 . vn+i-k-1 . vld+i+2 vld+i+1 

12 v1 . vld-1 vld vld+1 . vld+i vld+i+1 vn-2 . vld+k+2 . vn+i-k . vld+i+3 vld+i+2 

13 v1 . vld-1 vld vld+1 . vld+i vld+i+2 vld+i+3 . vn+i-k-1 . vld+k+1 . vn-2 vld+i+1 

14 … . … … … . … … … . … .  . … … 

15 v1 . vld-1 vld vld+1 . vld+i vld+i+1 vld+i+2 . vn+i-k-2 . vn-2 . vld+k+1 vld+k 

16 SH  SH TH TH  WH TH …  TH  TH  TH … 

17 … . … … … . … … … . … .  . … … 

18 v1 . vld-1 vld vld+1 . vld+i vld+i+1 vld+i+2 . vn+i-k-2 . vld+k . vn-2 vn-3 

 

(1) If degG(v1) + degG(vn-2) = n−3, then, by Lemma 16, we have (vx, vn-2)E, and the 

entries of (2, x) are all TH for each x, where ld ≤ x ≤ n−3. This results in the following new 

Hamiltonian paths:  

Pld+1 = v1, v2, . . ., vld, vn-2, vn-3, . . ., vld+1,   

Pld+2, …, Pld+i = v1, v2, . . ., vld, vld+1, vld+2, ..., vld+i-1, vn-2, vn-3, . . ., vld+i, 

Pld+i+1, Pld+i+2, …, Pld+k, ..., Pn-3 = v1, v2, . . ., vld, vld+1, vld+2, vld+3, ..., vn-4, vn-2, vn-3. 

They are illustrated in the 5th, 6th, 8th, 11th, 12th, 15th, and 18th rows of Table 2. We can 

see that vld+k in the Hamiltonian path Pld+i is located in the (n+i−k−2)th column, not in the 

(ld+k)th column.    

In the 5th row of Table 2, since v1 and vld+1 are the two end vertices of the Hamiltonian 

path Pld+1, we have, by Lemma 16, degG(vld+1)+degG(v1) = n−3 or n–4. This can be applied 

to the rest rows. Thus, we have degG(vi)+degG(v1) = n−3 or n–4, for any i, where ld+1 ≤ i 

≤ n–3.      

For each Hamiltonian path Pld+i, where 1 ≤ i ≤ n – ld −3, the entries may vary starting 

from the column (ld+1) to column (n−2), but the entries before the column (ld+1) remain 

unchanged. In other words, we can find that the vertices v1, v2, …, vld are always in the 

same positions respectively, as observed in a comparison of the Hamiltonian path HP and 

all Hamiltonian paths Pld+i, where 1≤ i ≤ n − ld − 3. So, all vertices belonging to NG(v1) 
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remain in the same entries, respectively. This indicates that each SH in the row of “SH, TH, 

WH” corresponding to each Hamiltonian path must remain in the same positions, respec-

tively. Moreover, besides SH, all other entries are TH only, or several TH and one WH. 

 

(2) We consider the following cases: 

Case 1 degG(v1)+degG(vn-2) = n−3.    

As proved previously, we have (vx, vn-2)E for ld ≤ x ≤ n−3 and Hamiltonian paths 

Pld+i for 1≤ i ≤ n−ld−3.   

Case 1.1 If degG(v1) + degG(vld+i) = n−3 for each i, where 1≤ i ≤ n−ld−3, we have, by 

Lemma 16, (vx, vld+i)E, for ld ≤ x ≤ n−3, x  ld +i. So, the induced graph G[VLD  {vld}] 

is a complete graph, denoted by KVLD{vld}. Consequently, G[VLD  {vld}] is Hamiltonian 

connected.  

Case 1.2 If there is an i, where 1≤ i ≤ n−ld −3, such that degG(v1) + degG(vld+i) = n−4, then, 

by Lemma 16, there exists a vertex v such that (v, vld+i)E, and (v+1, v1)E(G). By 

Definition 15, we have vWH. We can find that only one entry is different in a comparison 

of the row of “SH, TH, WH” that corresponds to the Hamiltonian path Pld+i and the row of 

“SH, TH, WH” that corresponds to the Hamiltonian path HP. Among the entries formed by 

SH and TH, which are corresponding to the Hamiltonian path HP, only one TH is replaced 

by WH in the row of “SH, TH, WH” corresponding to Pld+i. The entries of Pld+i are shown in 

the 8th row of Table 2.   

Case 1.2.1  < ld.  

This indicates that the WH is located before the (ld)th column, and the vertex vld+i con-

nects to each vx, where ld ≤ x ≤ n−2, x  ld +i.  

Case 1.2.2   ld.      

This indicates that the WH is located in or after column ld. W.L.O.G., suppose  = ld 

+k, k > i. Then we have (vld+k, vld+i)  E. It can be seen that in the Hamiltonian path Pld+i, 

vld+k is in the (n+i−k−2)th column; hence in the row of “SH, TH, WH” corresponding to Pld+i, 

WH is in the (n+i−k−2)th column. See the 9th row of Table 2. By Lemma 16, there is only 

one WH in the row of “SH, TH, WH” corresponding to Hamiltonian path. We can see that 

whenever (vld+k, vld+i)E in the corresponding Hamiltonian path Pld+i, we will always have 

(vld+i, vld+k)E in the corresponding Hamiltonian path Pld+k, where ld+i and ld+k are not 

consecutive integers. The entries of Pld+k are shown in the 15th row of Table 2. In addition, 

vld+i is in the (ld+i)th column in the Hamiltonian path Pld+k; hence, in the row of “SH, TH, WH” 

corresponding to Pld+k, the only one “WH” must be in the (ld+i)th column. See the 16th row 

of Table 2.      

In the graph G[VLD  {vld}], if degG(v1) + degG(vld+s) = n−3 for all other Hamiltonian 

paths Pld+s, where 1≤ s ≤ n−ld−3, s  i, and s  k, then G[VLD  {vld}] is a graph removing 

one edge (vld+i, vld+k) from the complete graph KVLD{vld} (Definition 15 (10)), where ld+i 

and ld+k are not consecutive integers. Thus G[VLD{vld}] is Hamiltonian-connected. On 

the other hand, there are total (n−2)−ld Hamiltonian paths, so we have (n−2)−ld rows of 

“SH, TH, WH”, which indicates that the number of “WH” is at most (n−2)−ld. Therefore, 

G[VLD  {vld}] is the graph KVLD{vld} obtained by removing at most [(n−2)−ld]/2 vertex-

disjoint-edges from the complete graph KVLD{vld}, where |V(KVLD{vld})| = (n−1) − ld. The 

degree of each vertex of G[VLD  {vld}] is one less than or equal to |VLD  {vld}| − 1. 

Because ld ≤ n–6 means |G[VLD  {vld}]|  5, we prove that G[VLD  {vld}] is Hamiltonian-

connected by Theorem 18.   
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Case 2 degG(v1) + degG(vn-2) = n−4.   

By Lemma 16, there exists a vertex v, such that (v, vn-2)E, and (v1, v+1)E(G); 

by Definition 15, vWH, and there is only one “WH” in the row of entries formed by “SH, 

TH, WH” corresponding to the Hamiltonian path HP.  

Case 2.1  < ld 

In this situation, the WH is located before the (ld )th column, so the vertex vn-2 connects 

to each vx for ld ≤ x ≤ n−3, which shows that Pld+i are Hamiltonian paths for 1≤ i ≤ n−ld −3. 

Further analysis is similar to Case 1.   

Case 2.2   ld.      

In this situation, the WH is located in or after column ld. Suppose vld+i is not a neighbor 

of vn-2, that is (vld+i, vn-2)E. Then, we will always have (vn-2, vld+i)E in the corresponding 

Hamiltonian path Pld+i. The entries of HP and of Pld+i are shown in the 1st row and the 8th 

row of Table 2 respectively, which show that the “WH”s in rows of “SH, TH, WH” that cor-

respond to the Hamiltonian path HP and Hamiltonian path Pld+i, are both in the column (ld 

+i), as illustrated in the 3rd row and the 10th row of Table 2. 

By Lemma 16, we have (vx, vn-2)E, and the entries of (3, x) are all TH for each x, 

where ld ≤ x ≤ n−3, x ld +i. This leads to new Hamiltonian paths, Pld+1, …, Pld+i, Pld+i+1, 

Pld+i+2, ..., Pn-3, which are similar to statement (1) but its Pld+i+1 is replaced by  

Pld+i+1 = v1, v2, . . ., vld, vld+1, ..., vld+i, vld+i+2, vld+i+3, ...,vn-3, vn-2, vld+i+1. 

The entries of Pld+i+1 are shown in the 13th row of Table 2.    

The reason to replace Pld+i+1 by Pld+i+1 is given below.      

Because (vld+i, vn-2)E, Pld+i+1 does not exist. But Pld+i+2 exists as shown in the 12th row of 

Table 2. If degG(v1)+degG(vld+i+2) = n−3, then (vx, vld+i+2)E, for ld ≤ x ≤ n−3 and x  ld +i 

+2. If degG(v1) + degG(vld+i+2) = n−4, then there is one and only one v with (v, vld+i+2) 
E and v WH in the row of “SH, TH, WH” corresponding to the Hamiltonian path Pld+i+2. If 

(vld+i,vn-2)E and (vld+i, vld+i+2)E, then there are two vertices not connecting to vld+i. This 

is a contradiction. Hence the only one v must not be vld+i, indicating (vld+i, vld+i+2) E. 

Through a proper conversion, we can obtain Pld+i+1 from Pld+i+2. Further analysis is similar 

to Case 1. In addition, from this statement, we can also obtain that there exists a Hamilto-

nian path from v1 to any vertex in VLD, and degG(vi) + degG(v1) = n − 3 or n – 4 for any i, 

where ld + 1 ≤ i ≤ n − 2.       

(3) |Vin| = 0    

(i) When |Vin| = 0, the Hamiltonian path can be written as v1, v2 = vl1, v3 = vl2, …, vd+1 = 

vld, …, vn-2. By the proof of (2), none of {vld+1, vld+2, …, vn-2} is adjacent to {v1, 

v2, …, vld-1}. Obviously, {vld} is a one element vertex cut. Therefore, graph G is 

not 2-connected.   

(ii) There are two cases to consider. 

Case 1. If degG(v1)+degG(vn-2) = n−3, then degG(vn-2) = (n−3)−d.  

In Case 1 of (2), we have proved that G[VLD  {vld}] is a graph removing some (none, one, 

or more) vertex-disjoint edges of the complete graph KVLD{vld}.    

Since degG(vn-2)+degG(vi )  n−4 holds for any 1< i ≤ ld −1, we have degG(vi)  (n − 

4)−((n−3)−d) = d−1.  

Thus, G[Vd{vld}] is a graph removing some (none, one, or more) vertex-disjoint-

edges of the complete graph KVd{vld}.  

Case 2. If degG(v1) + degG(vn-2) = n−4, then degG(vn-2) = (n−4)−d. We have proved in Case 

2.2 of (2) that G[VLD  {vld}] is a graph removing some (none, one, or more) vertex-
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disjoint-edges of the complete graph KVLD{vld}.   

Since degG(vn-2) + degG(vi)  n−4 holds for any 1≤ i ≤ ld−1, we have degG(vi)  (n − 4) − 

((n−4)−d) = d.       

Therefore, G[Vd {vld}] is a complete graph KVd{vld}. On the basis of these two cases, 

we can conclude that GKVd : vld : KVLD.  

Theorem 20: For a graph G = (V, E) with |G| = |V| = n  7, if κ(G)  4 and 2(G)  n, then 

either G is 2-vertex-fault Hamiltonian or G belongs to one of the families {1, 2, 3, 4, 

5, 6, 7, 8}.    

Proof: Note that SH, TH, WH are defined in Definition 15. For any two vertices x, yV, let 

G = (V, E), with V = V−{x}, E = E−{(x, s) | sV}, and |V| = n = n−1.  

Case 1. If G is 1-vertex-fault Hamiltonian, G must have a Hamiltonian cycle with κ(G)  

3, and degG(u) + degG(v)  n – 2 = n− 1 for any nonadjacent pair {u, v}⊂V(G), based on 

previous discussion.    

Delete a vertex y from V to obtain a graph G, where G = (V, E), with V = V − {y}, 

E = E−{(t, y)|tV}, |V| = n−2 = n−1 = n, κ(G)  2, and 2(G)  n − 4 = n−3 = n−2. 

Then we have two possibilities: G is Hamiltonian or it is not. 

Case 1.1. G is Hamiltonian. Then G is 2-vertex-fault Hamiltonian. 

Case 1.2. G is not Hamiltonian.  

In this case, G must contain a Hamiltonian path HP = v1, v2, v3, …, vn-2. Clearly, (v1, 

vn-2)E(G); otherwise, G is Hamiltonian. The condition “κ(G)  4” indicates that degG(v1) 

 4. Let NG(v1) = {vl1, vl2, vl3, ..., vld} where 2 = l1< l2< l3 < … < ld.  

According to Lemma 12, (vn-2, vlr-1)E for all lr with 1 ≤ r ≤ d; otherwise G is Ham-

iltonian. By Lemma 16, degG(v1) + degG(vn-2) = n − 4 or n − 3. Note that vld is the neighbor 

of v1 that has the largest subscript. It follows that there are two possibilities: ld = n−3 and ld 

< n−3.     

Case 1.2.1 ld = n−3; that is, (v1, vn-3)E(G).  

Since degG(v1) + degG(vn-2) = n−4 or n−3, we have two possibilities to consider: 

degG(v1) + degG(vn-2) = n–3 and degG(v1)+degG(vn-2) = n–4. 

Case 1.2.1.1 degG(v1) + degG(vn-2) = n – 3.    

On the basis of (n−5)/2 ≤ degG(vn-2) ≤ (n −3)/2 from Lemma 17, we have three pos-

sibilities: degG(vn-2) = (n−3)/2 for n is odd, degG(vn-2) = (n−4)/2 for n is even, and degG 

(vn-2) = (n−5)/2 for n is odd.   

Case 1.2.1.1.1 degG(vn-2) = (n−3)/2 for n is odd.  

With degG(vn-2) = (n−3)/2 and Lemma 14 − there are no two consecutive vertices in 

the Hamiltonian path HP in NG(vn-2), we have NG(vn-2) = {vn-3, vn-5, …, v4, v2} = TH. And, 

by Lemma 16, we have SH = {vn-4, vn-6, …, v3, v1} = N
−
G(vn-2). So, NG(v1) = {vn-3, vn-5, …, 

v4, v2} = {vlr|lr = 2 × r, 1 ≤ r ≤ (n−3)/2} = NG(vn-2). See Fig. 13.   

 
Fig. 13. An illustration of Case 1.2.1.1.1 for NG(v1) = NG(vn-2). 

By Lemma 17, vmt-1N
−
G(vn-2), we have (n−5)/2 ≤ degG(vmt-1) ≤ (n−3)/2. In this case, 
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v2× i-1N
−
G(vn-2) for 1 ≤ i ≤ (n−3)/2, we have (n−5)/2 ≤ degG(v2i-1) ≤ (n−3)/2 which ob-

viously has two subcases to consider.          

Subcase 1.2.1.1.1.1 v2i-1N
−
G(vn-2), degG(v2× i-1) = (n−3)/2.        

With degG(v2×i-1) = (n−3)/2 and Lemma 14 − the vertices in N
−
G(vn-2)  {vn-2} are mu-

tually nonadjacent, we have NG(v2×i-1) = {vlr|lr = 2 × r, 1 ≤ r ≤ (n−3)/2} for all 1 ≤ 𝑖 ≤ 

(n−3)/2. Let V(H(n-3)/2) = NG(vn-2), and N
−
G(vn-2)  {vn-2} = V(

( 1)/2nK −
). Then G can be writ-

ten as H(n-3)/2 
( 1)/2nK −

. For n = 9, the graph G is illustrated in Fig. 8 (c). Since the number 

of components of G − {vn-3, vn-5, …, v4, v2} is greater than |{vn-3, vn-5, ..., v4, v2}|, G is not 

Hamiltonian by Theorem 3. There are two possibilities to reconstruct G from G, as shown 

below. 

Adding two vertices x, y to the graph G, we can obtain G = (H(n+1)/2 
( 1)/2nK −

) with 

2(H(n+1)/2)  1 when n  9 and κ(H4)  1 when n = 7. Hence G.  

Adding two vertices x, y to the graph G, and deleting one edge (v, v) where v{x, 

y} and vV(
( 1)/2nK −

), with degH(n+1)/2(v𝜶)  2, 2(H(n+1)/2)  1, and n  9, we have G = 

(H(n+1)/2 
( 1)/2nK −

)− (v, v). Thus, G. 

Subcase 1.2.1.1.1.2 There exists an element v2× t-1N
−
G(vn-2) with degG(v2× t-1) = (n−5)/2.    

Based on Lemma 17, the degrees of all other v2× s-1 N
−
G(vn-2) must be equal to (n−3)/2. 

So, G is of the form in Fig. 6 (b) when n = 9, which is not Hamiltonian. Let v2× t-1 = v𝜃, G 

can be written as H(n-3)/2 
( 1)/2nK −

− (v, v𝜃), where vV(H(n-3)/2). By adding two vertices x, 

y to G, we can find G = (H(n+1)/2 
( 1)/2nK −

) − (v, v𝜃), with degH(n+1)/2(v)  2, and 2(H(n+1)/2) 

 1. Consequently, G3. See Fig. 6 (a).    

Case 1.2.1.1.2 degG(vn-2) = (n−4)/2, n is even.       

On the basis of degG(vn-2) = (n−4)/2 and Lemma 14 − there are no two consecutive 

vertices of the Hamiltonian path HP in NG(vn-2), we have NG(vn-2) = {vn-3, vn-5, …, v5, v3} 

= TH, and N
−
G(vn-2) = {vn-4, vn-6, …, v4, v2}. By Lemma 16, SH = {vn-4, vn-6, …, v4, v2, v1}; 

therefore, NG(v1) = {vn-3, vn-5, …, v5, v3, v2} and degG(v1) = (n−2)/2. See Fig. 14.  

By Lemmas 14 and 17, the vertices in N
−
G(vn-2) are all mutually nonadjacent, and 

(n−4)/2 ≤ degG(vmt-1) ≤ (n −2)/2. There are two subcases to consider.  

 

 
Fig. 14. An illustration of Case 1.2.1.1.2 for degG(vn-2) = (n−4)/2.  

 

Subcase 1.2.1.1.2.1 There exists one vertex vmt-1N
−
G(vn-2) with degG(vmt-1) = (n−2)/2.    

By Lemma 17, except vertex vmt-1, all other vertices vms-1N
−
G(vn-2) have degG(vms-1) 

= (n−4)/2. Since, as discussed previously in Lemma 14, all elements belonging to N
−
G(vn-2) 

 {vn-2} are mutually nonadjacent, we have NG(vms-1) = {vn-3, vn-5, ..., v5, v3} = NG(vn-2) and 

degG(vms-1) = (n−4)/2 for each vms-1N
−
G(vn-2) − {v2}. As for v2, we have NG(v2) = {vn-3, vn-

5, …, v5, v3, v1} and degG(v2) = (n−2)/2. Let V(H(n-4)/2) = NG(vn-2), V(
( 4)/2nK −

) = N
−
G(vn-2)  

{vn-2} − {v2}. Then G can be written as H(n-4)/2  (
( 4)/2nK −

 K2), where V(K2) = {v1, v2}. 

Thus G is of the form in Fig. 9 (b) when n = 10. The number of components of G−{vn-3, 

vn-5, …, v5, v3} is greater than |{vn-3, vn-5, …, v5, v3}|. Consequently, by Theorem 3, G is 
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not Hamiltonian. There are three possibilities to reconstruct G from G, as shown below. 

Subcase 1.2.1.1.2.1.1  

Adding two vertices x, y to G such that G = ((H(n-4)/2：x：y)  (
( 4)/2nK −

 K2)) = Hn/2 

 (
( 4)/2nK −

 K2), we have (G) = (n/2) and 2(G) = n. 

In the graph G, if Hn/2 = 𝐾𝑛/2
̅̅ ̅̅ ̅̅ , then

/2nK  (
( 4)/2nK −

∪K2) is a special case of
/2nK  Hn/2. 

Otherwise, we will have G = Hn/2  (
( 4)/2nK −

∪K2) = 5, in which the complete graph in 

(
( 4)/2nK −

∪K2) is with V(K2) = {v1, v2}. This case shows that n  8 is required for ensuring 

κ(G)  4. The graph 5 for n = 10 is illustrated in Fig. 9 (a).   

Subcase 1.2.1.1.2.1.2 

We can delete one edge (v, v) from Hn/2  (
( 4)/2nK −

∪K2), where v{x, y} and v 

{v1, v2}, with degH(n/2)(v)  1. Then we obtain the graph G = Hn/2  (
( 4)/2nK −

∪K2) − (v, 

v), which must belong to 6. For n = 10, the graph G is illustrated in Fig. 9 (c). 

Subcase 1.2.1.1.2.1.3 

We can delete two edges (v, v), and (v, v) from Hn/2  (
( 4)/2nK −

∪K2), where v, v 

{v1, v2}, v v; v, v{x, y}, v  v with degH(n/2)(v)  1 and degH(n/2)(v)  1. Then we 

obtain G = Hn/2  (
( 4)/2nK −

∪K2) − (v, v) − (v, v), which must belong to 7. For n = 10, 

the graph G is illustrated in Fig. 9 (d).  

Subcase 1.2.1.1.2.2 For each element vmt-1N
−
G(vn-2), degG(vmt-1) = (n−4)/2.    

In this case, degG(v2) = (n−4)/2. There must be an element v  NG(vn-2), (v, v2)  

E(G). Let V(H(n-4)/2) = NG(vn-2) and V(
( 4)/2nK −

) = N
−
G(vn-2)∪{vn-2}−{v2}. Then G can be 

written as H(n-4)/2  (
( 4)/2nK −

∪K2) − (v, v2), where V(K2) = {v1, v2}. Thus G is of the form 

in Fig. 10 (c) for n = 12. There are two possibilities to reconstruct G from G, as shown 

below. 

Subcase 1.2.1.1.2.2.1  

Adding two vertices x, y to G, we can obtain G = ((H(n-4)/2：x：y)  (
( 4)/2nK −

∪K2)) 

− (v, v2) = Hn/2  (
( 4)/2nK −

∪K2) − (v, v2), in which the complete graph in (
( 4)/2nK −

∪𝐾2) 

is with V(K2) = {v1, v2}. To ensure 2(G) = n, we must have degH(n/2)(v)  1, which implies 

that G. This case shows that n  8 is required for ensuring κ(G)  4. The graph G of n 

= 12 is shown in Fig. 10 (b).  

Subcase 1.2.1.1.2.2.2  

We can delete one edge (v, v1) from Hn/2  (
( 4)/2nK −

∪K2) − (v, v2), where v  {x, 

y} with degH(n/2)(v)  1. Then we have G = Hn/2 (
( 4)/2nK −

∪K2)−(v, v2)−(v, v1), which 

must belong to 7. This case shows that n  8 is required for ensuring κ(G)  4. The graph 

G of n = 12 is shown in Fig. 10 (d).   

Case 1.2.1.1.3 degG(vn-2) = (n−5)/2, n is odd.   

In this case, degG(v1) = (n−1)/2. By (v1, vmt+1)E(G) from Lemma 12 and vmt+1 

N
+
G(vn-2)−{vn-2} from Lemma 17, we have degG(vmt+1) = (n−3)/2, which leads to degG(v1) 

+ degG(vmt+1) = n−2. Connecting v1 to vmt+1, by Lemma 14, we can see that G + (v1, vmt+1) 

is Hamiltonian. But, by Theorem 2, G is Hamiltonian too. This is a contradiction.      

Case 1.2.1.2 degG(v1) + degG(vn-2) = n – 4.   

Case 1.2.1.2.1 degG(vn-2) = (n−3)/2, n is odd.    

In this case, degG(v1) = (n−5)/2. This is a special case of v = v1 in Subcase 1.2.1.1.1.2. 

Similarly, we have G = H(n-3)/2 
( 1)/2nK −

−(v, v1), where vV(H(n-3)/2). By adding two ver-

tices to G, we obtain G = (H(n+1)/2
( 1)/2nK −

)−(v, v1), in which 2(H(n+1)/2)  1 and 

degH(n+1)/2(v)  2. It can be seen that G  

Case 1.2.1.2.2 degG(vn-2) = (n−4)/2, n is even.  
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This case is similar to Case 1.2.1.1.2. In this case, degG(v1) = (n−4)/2. Because of 

degG(vn-2) = (n−4)/2 and Lemma 14 − there are no two consecutive vertices of the Hamil-

tonian path HP in NG(vn-2), we have NG(vn-2) = {vn-3, vn-5, …, v5, v3} = TH, which shows 

N
−
G(vn-2) = {vn-4, vn-6, …, v4, v2}. By degG(v1) = (n−4)/2 and Lemma 16, we have SH = {vn-4, 

vn-6, ..., v4, v2, v1}−{v2k} and WH = {v2k} with v2k  vn-4, which result in NG(v1) = {vn-3, vn-5, ..., 

v5, v3, v2} − {v2k+1}. Let v2k+1 = v. Then, there are two subcases in this case.  

Subcase 1.2.1.2.2.1 There exists one vertex vmt-1N
−
G(vn-2) with degG(vmt-1) = (n−2)/2.  

The vertex vmt-1 must be v2 because NG(v2) = {vn-3, vn-5, ..., v5, v3, v1} as described in 

Subcase 1.2.1.1.2.1. The graph G can be written as H(n-4)/2  (
( 4)/2nK −

∪K2)−(v, v1). The 

graph G of n = 12 is shown in Fig. 10 (f). There are two possibilities to reconstruct G from 

G, as shown below.  

Subcase 1.2.1.2.2.1.1  

We can add two vertices x, y to G such that G = ((H(n-4)/2：x：y)  (
( 4)/2nK −

∪K2)) − 

(v, v1) = Hn/2  (
( 4)/2nK −

∪K2) − (v, v1), where the complete graph in (
( 4)/2nK −

∪K2) is with 

(v1, v2). To ensure 2(G) = n, we must have degH(n/2)(v)  1, which implies that G, as 

shown in Fig. 10 (a) for n = 12.   

Subcase 1.2.1.2.2.1.2  

We can delete one edge (v, v2) from Hn/2  (
( 4)/2nK −

∪K2) − (v, v1), where v{x, y} 

with degH(n/2)(v)  1. Then we have G = Hn/2 (
( 4)/2nK −

∪K2)−(v, v1)−(v, v2), which im-

plies that G, as shown in Fig. 10 (e) for n = 12.  

Subcase 1.2.1.2.2.2 For each element vmt-1N
−
G(vn-2), degG(vmt-1) = (n−4)/2.   

In this case, degG(v2) = (n−4)/2. There must be an element v  NG(vn-2), v  v, v 

 v3 and (v, v2)  E(G). Let V(H(n-4)/2) = NG(vn-2), V(
( 4)/2nK −

) = N
−
G(vn-2)∪{vn-2} − {v2}. 

Then G can be written as H(n-4)/2  (
( 4)/2nK −

∪K2)−(v, v1) − (v, v2). The graph G of n = 

12 is shown in Fig. 11 (b). Adding two vertices x, y to G, we can obtain G = (H(n-4)/2：x：
y)  (

( 4)/2nK −
∪K2) − (v, v1) − (v, v2) = Hn/2  (

( 4)/2nK −
∪K2) − (v, v1) − (v, v2), in which 

the complete graph in (
( 4)/2nK −

∪K2) is with V(K2) = {v1, v2}. To ensure 2(G) = n, we must 

have degH(n/2)(v)  1 and degH(n/2)(v)  1, which implies that Hn/2  (
( 4)/2nK −

∪K2)−(v, 

v1)−(v, v2), as shown in Fig. 11 (a) for n = 12.   

Case 1.2.1.2.3 degG(vn-2) = (n−5)/2, n is odd.  

By Lemma 16, degG(v1) = (n−3)/2. There are two cases to consider: “n > 9” and “n = 9”. 

Case 1.2.1.2.3.1 n > 9.  

Subcase 1.2.1.2.3.1.1 NG(vn-2) = {vn-3, vn-5, ..., v2(s+2), v2(s+1), v2s, v2(s-1), v2(s-2), ..., v4, v2}−{v2s} 

where v2s  vn-3, that is NG(vn-2) = {vlr|lr = 2 × r, 1 ≤ r ≤ (n−3)/2}−{v2s} = TH. 

Subcase 1.2.1.2.3.1.1.1 v2s  v2, that is, s  1. 

It can be seen that  

V(G)−{vn-2}− = SHWH = {vn-4, vn-6, …, v2s+5, v2s+3, v2s+1, v2s, v2s-1, v2s-3, v2s-5, ..., v3, v1};  

N
−
G(vn-2) = {vn-4, vn-6, …, v2s+3, v2s+1, v2s-3, v2s-5, …, v3, v1};   

N
+
G(vn-2) = {vn-2, vn-4, vn-6, …, v2s+5, v2s+3, v2s-1, v2s-3, …, v5, v3};  

N
−
G(vn-2)N

+
G(vn-2) = {vn-4, vn-6, …, v2s+5, v2s+3, v2s-3, v2s-5, …, v5, v3};   

N
−
G(vn-2)N

+
G(vn-2) = {vn-2, vn-4, vn-6, …, v2s+5, v2s+3, v2s+1, v2s-1, v2s-3, v2s-5, …, v5, v3, v1};  

V(G)−N
−
G(vn-2)∪𝑁𝐺”

+ (vn-2) = {vn-3, vn-5, …, v2(s+2), v2(s+1), v2s, v2(s-1), v2(s-2), …, v4, v2}  

 = {vlr|lr = 2×r, 1 ≤ r ≤ (n−3)/2}, and |V(G)−N
−
G(vn-2)∪N

+
G(vn-2)| = (n−3)/2.   

For each vertex v𝜽N
−
G(vn-2) N

+
G(vn-2), we have degG(v𝜽) = (n−3)/2 by Lemma 17; 

by Lemma 14, N
−
G(vn-2)∪{vn-2} are mutually nonadjacent to each other, and N

+
G(vn-2)∪

{v1} are mutually nonadjacent to each other too; therefore, we have NG(v)⊆V(G)− 
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N
−
G(vn-2)∪N

+
G(vn-2) = NG(vn-2)∪{v2s}. Since |V(G)−N

−
G(vn-2)∪N

+
G(vn-2)| = (n−3)/2, we 

conclude that NG(v) = NG(vn-2)∪{v2s}.   

As for the vertex v2s-1N
+
G(vn-2), we have degG(v2s-1) = (n−3)/2 by Lemma 17, and 

NG(v2s-1)⊂V(G)−N
+
G(vn-2)−{v1} = {vn-3, vn-5, ..., v2(s+1), v2s+1, v2s, v2(s-1), ..., v4, v2}. Note that 

v2s-3N
−
G(vn-2)N

+
G(vn-2); therefore, v2sNG(v2s-3). If (v2s+1, v2s-1)E(G), then v1, vn-3,↘, 

v2s+1, v2s-1, v2s, v2s-3, v2s-2, vn-2, v2s-4,↘, v1 is a Hamiltonian cycle, which is a contradiction. 

Hence NG(v2s-1) = V(G)−N
+
G(vn-2)−{v1}−{v2s+1} = NG(v𝜽). For the vertex v2s+1N

−
G (vn-2), 

we can prove that NG(v2s+1) = NG(v𝜽) in a similar manner. 

Note that N
+
G(vn-2)∪{v1}∪{v2s+1} = N

−
G(vn-2)∪{vn-2}∪{v2s-1}; the vertices belonging 

to N
−
G(vn-2)∪{vn-2} are mutually nonadjacent to each other; the vertices belonging to N

+
G 

(vn-2)∪{v1} are mutually nonadjacent to each other; v2s-1N
+
G(vn-2) and v2s+1N

−
G(vn-2); and 

(v2s+1, v2s-1)E(G); hence, we can conclude that the vertices in N
−
G(vn-2)∪{vn-2}∪{v2s-1} 

are mutually nonadjacent to each other too.  

Subcase 1.2.1.2.3.1.1.1.1 v2sSH.  

If v2sSH, this implies that v2s+1NG(v1). For a vertex v𝜽N
−
G(vn-2)N

+
G(vn-2), w.l.o.g. 

let θ > 2s; we have v1, ↗, v2s, v𝜽, ↗, vn-2, v𝜽-1, ↘, v2s+1, v1 is a Hamiltonian cycle. This is 

a contradiction. 

Subcase 1.2.1.2.3.1.1.1.2 v2sSH, that is, SH = {vn-4, vn-6, ..., v2s+1, v2s-1, ..., v3, v1} and WH = 

{v2s}.  

We have NG(v1) = {vn-3, vn-5, ..., v4, v2} = {vlr|lr = 2 × r, 1 ≤ r ≤ (n−3)/2} = NG(vn-2)∪
{v2s}, and NG(vn-2)⊂NG(v1). This is a special case of vθ = vn-2 in Subcase 1.2.1.1.1.2.  

Let V(H(n-3)/2) =NG(vn-2)∪{v2s}, V(
( 1)/2nK −

) = N
−
G(vn-2)∪{v2× s-1}∪{vn-2}, and v2s = v; 

then G can be written as H(n-3)/2 
( 1)/2nK −

−(v, vn-2). Adding two vertices to G, we can find 

the graph G = (H(n+1)/2
( 1)/2nK −

)−(v, vn-2), where 2(H(n+1)/2)1 and degH(n+1)/2(v)  2. 

Hence, G.  

Subcase 1.2.1.2.3.1.1.2 v2s = v2, that is, s = 1.  

We have NG(vn-2) = {vn-3, vn-5, …, v8, v6, v4}; 

V(G)−{vn-2}− = SHWH = {vn-4, vn-6, …, v7, v5, v3, v2,v1}; 

N
−
G(vn-2) = {vn-4, vn-6, …, v9, v7, v5, v3}; N

+
G(vn-2) = {vn-2, vn-4, vn-6, …, v11, v9, v7, v5}; 

N
−
G(vn-2)N

+
G(vn-2) = {vn-4, vn-6, vn-8, …, v11, v9, v7, v5}; 

N
−
G(vn-2)∪N

+
G(vn-2) = {vn-2, vn-4, vn-6, …, v11, v9, v7, v5, v3}; 

V(G)−N
−
G(vn-2)∪N

+
G(vn-2) = {vn-3, vn-5, …, v8, v6, v4, v2,v1}.  

In a similar manner, we can find that for each vN
−
G(vn-2)N

+
G(vn-2), NG(v𝜽) = 

V(G)−N
−
G(vn-2)∪N

+
G(vn-2)−{v1} = NG(vn-2)∪{v2}; (v1, v3)E(G); NG(v1) = NG(v3) = 

NG(v), as shown in Subcase 1.2.1.2.3.1.1.1. We can obtain that G = H(n-3)/2
( 1)/2nK −

−(v2, 

vn-2) and G = (H(n+1)/2
( 1)/2nK −

)−(v2, vn-2), where 2(H(n+1)/2)  1 and degH(n+1)/2(v2)  2 in a 

similar way, as shown in Subcase 1.2.1.2.3.1.1.1.2. 

Subcase 1.2.1.2.3.1.2 NG(vn-2)⊈{vn-3, vn-5, ..., v4, v2}−{v2s}  

Since vn-3  NG(vn-2), vn-4 must not belong to NG(vn-2). It follows that we will examine 

each vertex sequentially. The next vertex to be examined is vn-5. 

Subcase 1.2.1.2.3.1.2.1 vn-5NG(vn-2).    

With degG(vn-2) = (n−5)/2 and Lemma 14 − there are no two consecutive vertices in 

the Hamiltonian path HP in NG(vn-2), we have either NG(vn-2) = {vn-3, vn-6, vn-8, …, v5, v3} 

or NG(vn-2) = {vn-3, vn-7, vn-9, …, v4, v2}. Based on “NG(vn-2)⊈{vn-3, vn-5, ..., v4, v2}−{v2s}”, 

we must have NG(vn-2) = {vn-3, vn-6, vn-8, …, v5, v3}, which leads to N
−
G(vn-2) = {vn-4, vn-7, vn-

9, …, v4, v2} and N
+
G(vn-2) = {vn-2, vn-5, vn-7, vn-9, ..., v6, v4}. It can be seen that vn-7N

−
G(vn-2), 
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vn-7N
−
G(vn-2), and N

−
G(vn-2)N

+
G(vn-2){v1} = {vn-2, vn-4, vn-5, vn-7, vn-9, …, v6, v4, v2, v1}. 

Based on Lemma 14 − the vertices in N
−
G(vn-2){vn-2} are mutually nonadjacent and the 

vertices in N
+
G(vn-2)∪{v1} are mutually nonadjacent, the neighbors of vn-7 are in the set of 

{v1, v2, v3, v4, …, vn-7, vn-6, vn-5, vn-4, vn-3, vn-2}−N
−
G(vn-2)N

+
G(vn-2){v1} = {vn-3, vn-6, vn-8, ..., 

v5, v3}, from which we can see that |{vn-3, vn-6, vn-8, ..., v5, v3}| = (n−5)/2. However, by 

Lemma 17, degG(vn-7) = (n−3)/2, which is a contradiction. The graph G for n = 23 is shown 

in Fig. 15, in which NG(v21) = {v20, v17, v15, …, v5, v3}, N
−
G(v21) = {v19, v16, v14, …, v4, v2} 

and N
+
G(v21) = {v21, v18, v16, v14, …, v6, v4}, v16N

−
G(v21), v16N

+
G(v21), |{v1, …, vn-2}−N

−
G 

(vn-2)N
+
G(vn-2){v1}| = |{v20, v17, v15, …, v5, v3}| = 9.  

 

 
Fig. 15. G for n = 23. 

 

Subcase 1.2.1.2.3.1.2.2 vn-5  NG(vn-2).  

For vn-5NG(vn-2), vn-6 must not belong to NG(vn-2). Therefore, the next vertex to be 

examined is vn-7. If vn-7NG(vn-2), this, similar to Subcase 1.2.1.2.3.1.2.1, will result in a 

contradiction. If vn-7NG(vn-2), vn-8 must not belong to NG(vn-2). Hence, the next vertex to 

be examined is vn-9. Continuing this examining process, we will arrive at either a case of 

Subcase 1.2.1.2.3.1.1 or a contradiction.  

Case 1.2.1.2.3.2 n = 9. 

There is a Hamiltonian path v1, v2, v3, v4, v5, v6, v7, where (v1, v6)E(G), degG(v1) 

= (9−3)/2 = 3, and degG(v7) = (9−5)/2 = 2.   

Subcase 1.2.1.2.3.2.1 NG(v7) = {v2, v4, v6}−{v2s} where v2s  v6.  
Subcase 1.2.1.2.3.2.1.1 NG(v7) = {v2, v6}.  

In this case, we have V(G)−{v7}−TH = SH∪WH = {v1, v3, v4, v5}, N
−
G(v7) = {v1, v5}, 

N
+
G(v7) = {v3, v7}, by Lemma 17, we have degG(v3) = degG(v5) = 3. It can be seen that NG(v1) 

⊂ V(G)−N
−
G(v7)−{v7} = {v2, v3, v4, v6}. If v3NG(v1), then v2 must belong to SH. However, 

v2 SH∪WH; hence, v2SH. Consequently, v3NG(v1) and NG(v1) = {v2, v4, v6}. For NG(v3) 

⊂ V(G)−N
+
G(v7) −{v1} = {v2, v4, v5, v6}, if (v3, v5)E(G), then v1, v4, v3, v5, v6, v7, v2, v1 

is a Hamiltonian cycle. This is a contradiction. Therefore, NG(v3) = {v2, v4, v6}. Moreover, 

for NG(v5)⊂V(G)−N
−
G(v7) −{v7} = {v2, v3, v4, v6}, and (v3, v5)E(G), then NG(v5) = {v2, 

v4, v6}. Obviously, the four vertices v1, v3, v5, v7 are mutually nonadjacent to each other. 

Let V(H3) = NG(v7)∪{v4}, V(K4) = N
−
G(v7)∪{v3}∪{v7}; then G can be written as H3 K4 

− (v4, v7). See Fig. 3 (a). Since the number of components of G − H3 is greater than |H3|, 

G, by Theorem 3, is not Hamiltonian. By adding two vertices to G, the graph G can be 

found as: (H5 K4)−(v4, v7), 2(H5)  1, and degH5(v4)  2. See Fig. 3 (b). Hence, G. 

Subcase 1.2.1.2.3.2.1.2 NG(v7) = {v4, v6}.  

In this case, we have V(G)−{v7}−TH = SH∪WH = {v1, v2, v3, v5}, N
−
G(v7) = {v3, v5}, 

N
+
G(v7) = {v5, v7}, and, by Lemma 17, degG(v3) = degG(v5) = 3. In addition, N

−
G(v7)N

+
G 

(v7) = {v5}, N
−
G(v7)∪N

+
G(v7) = {v3, v5, v7}, and NG(v5) = V(G)−N

−
G(v7)∪N

+
G(v7)−{v1} = 

{v2, v4, v6}. If v2SH, then (v1, v3)E(G), and v1, v3, v2, v5, v4, v7, v6, v1 is a Hamiltonian 
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cycle. This is a contradiction. Therefore, SH = {v1, v3, v5}, WH = {v2}, and NG(v1) = {v2, v4, 

v6}. Since v3N
−
G(v7), we have NG(v3)⊂V(G) − N

−
G(v7) − {v7} = {v1, v2, v4, v6}. Since v3 

NG(v1), we have NG(v3) = {v2, v4, v6}. Obviously, the four vertices v1, v3, v5, v7 are mu-

tually nonadjacent to each other. Let V(H3) = NG(v7)∪{v2}, V(K4) = N
−
G(v7)∪{v1}∪{v7}; 

then G can be written as H3 K4 − (v2, v7). By adding two vertices to G, the graph G can 

be found as: (H5 K4) − (v2, v7), 2(H5)  1, and degH5(v2)  2. Hence, G.      

Subcase 1.2.1.2.3.2.2 NG(v7)⊈{v2, v4, v6}−{v2s} where v2s  v6.  

In this case, we have NG(v7) = {v3, v6} which implies N
−
G(v7) = {v2, v5}, N

+
G(v7) = {v4, 

v7}, and V(G)−{v7}−TH = SH∪WH = {v1, v2, v4, v5}. Moreover, we can obtain NG(v1)⊂{v2, 

v3, v5, v6}; NG(v4)⊂V(G) − {v1}−N
+
G(v7) = {v2, v3, v5, v6}, NG(v2)⊂V(G)−{v7}−N

−
G(v7) = 

{v1, v3, v4, v6}, and NG(v5)⊂{v1, v3, v4, v6}. By Lemma 17, degG(v2) = degG(v5) = degG(v4) 

= (n−3)/2 = 3. Hence, we have either NG(v1) = {v2, v3, v6} or NG(v1) = {v2, v5, v6}; either 

NG(v4) = {v2, v3, v5} or NG(v4) = {v3, v5, v6}; either NG(v2) = {v1, v3, v4} or NG(v2) = {v1, v3, 

v6}; either NG(v5) = {v1, v4, v6} or NG(v5) = {v3, v4, v6}. We can find that there are only four 

possible arrangements, as shown below.  

P1: NG(v1) = {v2, v3, v6}, NG(v2) = {v1, v3, v4}, NG(v4) = {v2, v3, v5}, NG(v5) = {v3, v4, v6}.  

P2: NG(v1) = {v2, v3, v6}, NG(v2) = {v1, v3, v6}, NG(v4) = {v3, v5, v6}, NG(v5) = {v3, v4, v6}.  

P3: NG(v1) = {v2, v5, v6}, NG(v2) = {v1, v3, v4}, NG(v4) = {v2, v3, v5}, NG(v5) = {v1, v4, v6}.  

P4: NG(v1) = {v2, v5, v6}, NG(v2) = {v1, v3, v6}, NG(v4) = {v3, v5, v6}, NG(v5) = {v1, v4, v6}.  

We find that P1 gives a Hamiltonian cycle {v1, v2, v4, v5, v6, v7, v3, v1}; P3 gives a 

Hamiltonian cycle {v1, v6, v7, v3, v2, v4, v5, v1}; P4 gives a Hamiltonian cycle {v1, v5, v4, v6, 

v7, v3, v2, v1}; P2 sets up a non-hamiltonian graph G. Since NG(v1) = {v2, v3, v6}, we can 

conclude that SH = {v1, v2, v5}, WH = {v4}.   

Thus, G can be written as G = H2(2K2K1); the two complete graphs in 2K2 are 

with V(K2) = {vi, vi+1} for i = 1, 4; and with V(K1) = {v7}. Since the number of components 

of G−H2 is greater than |H2|, by Theorem 3, G is not Hamiltonian. We can add two ver-

tices x and y to G to obtain G = H4(2K2K1) = 2, and 2(G) = n. See Fig. 5.   

Case 1.2.2 ld  n−4.   

Let ld = b. We place the vertices of the Hamiltonian path HP = v1, v2, …, va, va+1, …, 

vld-1, vld, vld+1, ..., vn-3, vn-2 on the entries in the first row of a table, in which va is in the ath 

column, vld is in the bth column, vn-2 is in the (n−2)th
 column, and so on, where a < b. “SH, 

TH, WH” corresponding to the Hamiltonian path HP are the entries of the 2nd row. It can be 

seen that there are four possibilities for “SH, TH, WH” to appear before the (ld)th column, as 

shown in the following cases:  

Case 1.2.2.1 If each entry from (2,1) to (2, ld −1), is SH, then G has a Hamiltonian path 

v1, v2 = vl1, v3 = vl2, . . ., vd+1 = vld, ..., vn-2. By Lemma 19 (3), G is not 2-connected.  

Case 1.2.2.2 If there exist two consecutive entries, (2, a) = TH and (2, a+1) = SH, before 

column ld, then vaNG(vn-2) and va+2NG(v1). By a proper conversion, we can find a Ham-

iltonian Path PT = v1, v2, ↗, va, vn-2, ↘, va+2, va+1. Note that va+2 is located in the (n−3)th 

column. That means, in the Hamiltonian Path PT, the neighbor of v1 that has the largest 

subscript is in the (n−3)th column, as shown in the third row of Table 3.   

Specifically, rename the vertices in the Hamiltonian path PT such that vi = vi for 1 ≤ 

i ≤ a and vi = vn+a-i-1 for a + 1≤ i ≤ n – 2, as shown in the 4th row of Table 3. Then we can 

find that (v1, vn-3)E. It follows that the further discussion of this case is similar to that in 

Case 1.2.1.  
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Table 3. Hamiltonian Paths HP and PT. 
  1 2 … a a+1 a+2 … ld −1 b = ld ld +1 … n−4 n−3 n−2 

HP 1 v1 v2 … va va+1 va+2 … vld-1 vld vld+1 … vn-4 vn-3 vn-2 
 2 SH 

 … TH SH … … SH TH  … TH TH  

PT 3 v1 v2 … va vn-2 vn-3 … vn+a-ld … … … … va+2 va+1 

 4 v1 v2 … va va+1 va+2 … … … … … vn-4 vn-3 vn-2 

 

Case 1.2.2.3 If there are three consecutive entries with (2, w−1) = TH, (2, w) = WH, (2, w+1) 

= SH before column ld, then vw-1NG(vn-2), vwNG(v1), vwNG(vn-2), vw+1NG(v1), vw+1  
NG(vn-2), and vw+2  NG(v1). The Hamiltonian path HP = v1, v2, v3, …, vw-1, vw, vw+1, ..., vn-4, 

vn-3, vn-2 is shown in the 1st row of Table 4. The sequence “SH, TH, WH” corresponding to 

the Hamiltonian path HP are the entries of the 2nd row. 

In this case, degG(v1)+degG(vn-2) = (n − 4), if degG(v1) > (n − 4)/2, then degG(vn-2) < 
(n − 4)/2. Converting the Hamiltonian path HP to the following Hamiltonian path PT1: 

PT1 = v1, v2, ↗, vw-1, vn-2, ↘, vw+1, vw, as shown in the 3rd row of Table 4, we can see that 

degG(v1) + degG(vw) = (n − 4), which implies that degG(vw) < (n − 4)/2. Hence, degG(vn-2) 

+ degG(vw) <(n − 4). This is a contradiction. Therefore, we must have degG(v1) = degG(vn-

2) and n is even. 

Subcase 1.2.2.3.1 n  12.  

Convert the Hamiltonian path HP to the Hamiltonian path PT1 as below:  

PT1 = v1, v2, ↗, vw-1, vn-2, ↘, vn-2-ld+w, ↘, vld+2, vld+1, vld,↘, vw+2, vw+1, vw. Note that vw+2 

is located in the (n−4)th column. That means, in the hamiltonian Path PT1, the neighbor of 

v1 that has the largest subscript is in the (n−4)th column, as shown in the third row of Table 

4. The sequence “SH, TH, WH” corresponding to the Hamiltonian path PT1 are the entries of 

the 4th row. Note that vw is the end point of the Hamiltonian Path PT1. The (4, w) entry is 

not SH because vn-3NG(v1). The (4, w) entry is also not TH because vwNG(vn-2). Hence, 

the (4, w) entry must be WH. In addition, the (4, n+w−ld−4) entry is not 𝑆𝐻 because vld+1 is 

not a neighbor of v1; the (4, n+w−ld−4) entry is not WH because entry (4, w) = WH; conse-

quently, entry (4, n+w−ld−4) = TH. This shows that (vld+2, vw)E. Thus, PT1 can be con-

verted to Hamiltonian path PT2 as below:   

PT2 = v1, v2,↗, vw-1, vn-2,↘, vn-2-ld+w,↘, vld+2, vw, vw+1,↗, vld, vld+1. It can be seen that the 

neighbor of v1 that has the largest subscript is in the (n−3)th column, as shown in the 5th 

row of Table 4. It follows that the further discussion of this case is similar to that in Case 

1.2.1.    

 

Table 4. Hamiltonian paths HP, PT1, and PT2. 
  w−1 w w+1 w+2 . b = 𝒍𝒅 𝒍𝒅+1 . n+w-ld-4 n+w-ld-3 n+w-ld-2 . n−4 n−3 n−2 

1 . vw-1 vw vw+1 vw+2 . vld vld+1 . … … … . … vn-3 vn-2 
2 . TH WH SH … . TH TH      TH TH  

PT1 . vw-1 vn-2 vn-3 … . vn-2-ld+w … . vld+2 vld+1 vld . vw+2 vw+1 vw 
4   WH       TH       

PT2 . vw-1 vn-2 vn-3 … . vn-2-ld+w … . vld+2 vw vw+1 . … vld vld+1 

 

Subcase 1.2.2.3.2 n = 10.  

On the left part of Table 5, the Hamiltonian path HP = v1, v2, v3, v4, v5, v6, v7, v8 and 

the sequence “SH, TH, WH” are shown in the 1st and 2nd rows. From which we have NG(v1) 

= {v2, v3, v6}, and NG(v8) = {v7, v3, v6}. The Hamiltonian path HP1 = v1, v2, v3, v8, v7, v6, 

v5, v4 obtained by converting HP and its sequence “SH, TH, WH” are shown in the 4th and 
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Table 5. 1 = H4  3K2.  
 

1 2 3 4 5 6 7 8  1 2 3 4 5 6 7 8 

HP v1 v2 v3 v4 v5 v6 v7 v8  v1 v2 v3 v4 v5 v6 v8 v7 
2 SH SH TH WH SH TH TH   SH SH  WH SH TH TH  
3 

NG(v1) = {v2, v3, v6}, NG(v8) = {v3, v6, v7}  (v4, v7)E(G), (v1, v5) E(G), (v3, v7)E(G) 

HP1 v1 v2 v3 v8 v7 v6 v5 v4  v2 v1 v3 v4 v5 v6 v7 v8 
5 SH SH TH  SH  TH   SH SH TH   TH TH  
6 (v4, v8)E(G)&(v1, v7)E(G)⇒(5,4)=WH 

degG(v4) = 3 ⇒ (v4, v6)E(G)&(5,6)=TH 

 (v8, v4)E(G)&(v2, v5)E(G)⇒(5,4)=WH; 

degG(v2) = 3⇒(v2, v6)E(G) 
7 v5 v4 v3 v2 v1 v6 v7 v8          
8 SH  TH  SH TH TH           
9 (v1, v5)E(G)&(v2, v8)E(G)⇒(8,4)= WH;  

degG(v5) = 3 ⇒ (v3, v5)E(G)&(8,2) = SH  

         

 

5th rows. It can be seen that entries (5,1), (5,2), and (5,5) are all SH; by (v4, v3)E(G) and 

(v4, v5)E(G), we have entry (5,3) = TH and entry (5,7) = TH; since (v4, v8) E(G) and (v1, 

v7)E(G), we have entry (5,4) = WH; based on degG(v4) = 3, we can see that (v4, v6) E(G) 

and entry (5,6) = 𝑇𝐻 . Thus NG(v4) = {v3, v5, v6}. Similarly, by proper conversions, we can 

find that NG(v5) = {v4, v3, v6}, NG(v7) = {v8, v3, v6}, and NG(v2) = {v1, v3, v6} as shown in 

Table 5. Hence G = H2(3K2). Since the number of components of G − H2 is greater than 

|H2|, by Theorem 3, G is not Hamiltonian. By adding two vertices x and y to G such that 

G = H43K2, we have (G) = 5, 2(G) = 10, where 1 is used to denote this kind of graph; 

that is 1 = H43K2. See Fig. 4. 

Case 1.2.2.4 Only one entry in (2, 2) to (2, ld −1) is WH and all others are SH, as shown in 

Table 6.  

Table 6. Only one WH. 
 1 2  w-1 w w +1  ld-1 b = ld ld+1  ld+(i-1) 𝒍𝒅+i  n-3 n-2 

1 v1 v2 … vw-1 vw vw+1 …  vld vld+1 … … … … vn-3 vn-2 

2 SH SH … SH WH SH … SH TH TH    … TH  

3 v1 v2 … vw-1 vw vw+1 …  vld vld+1 … vld+(i-1) vn-2 … vld+i+1 vld+i 

4 SH SH … SH TH SH … SH      … TH  

 

Subcase 1.2.2.4.1 

If there is an i such that (vw, vld+i)  E, where i {1, …, n−3−ld}, we can convert the 

Hamiltonian path whose vertices are shown in the first row of Table 6 to the following 

Hamiltonian path: Pld+i = v1, v2, . . .,vld, vld+1, …, vld+i-1, vn-2,↘, vld+i, as shown in the third 

row. Then the entry (4, w) will be TH, as shown in the 4th row. This is a case belonging to 

Case 1.2.2.2. 

Subcase 1.2.2.4.2    

If there is no (vw, vld+i)E, where i{1, …, n−3−ld}, then, by the assumption that G 

is not Hamiltonian, none of {vld+1, vld+2, …, vn-2} is adjacent to {v1, v2, …, vld-1}. Obviously, 

{vld} is one element vertex cut. Therefore, graph G is not 2-connected.   

Case 2. G is not 1-vertex-fault Hamiltonian.  

By Theorem 6 and κ(G)  4, we have G⊆G2. According to Theorem 4, 2(G)  n−1, 

G is not Hamiltonian, and κ(G)  3, we have G = H(n-2)/2 
/2nK . Adding vertex x to G, we 

have G = (H(n-2)/2: x) 
/2nK = Hn/2 

/2nK , (G) = n/2, 2(G) = n, and κ(G)  4. Note that Hn/2 


/2nK has been defined as 8, which is isomorphic to 𝒢2. It is easy to see that n  8 is 

required for ensuring (G)  4. See Fig. 12.   
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This completes the proof that either G is 2-vertex-fault Hamiltonian or G1, 2, 3, 

4, 5, 6, 7, 8                                                        ❑ 

3. CONCLUDING REMARK 

Following previous studies, we have completed the proof of the 2-vertex- fault-toler-

ance for graphs satisfying the degree conditions given by Ore. Since the 1-fault tolerance 

has been thoroughly studied, we further explore the 2-vertex-fault tolerance for any graph 

G with 2(G)  n and |G| = n. This paper concludes that any G with 2(G)  n and κ(G)  

4 must be 2-vertex-fault tolerant unless G belongs to one of the eight graph families. For a 

given graph G under the same conditions, other required conditions and other exceptional 

graph families for 2-edge-fault tolerance, or 1-vertex-1-edge-fault tolerance remain to be 

studied further.  
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