
PARALLEL  PREFIX ALGORITHMS 41

Received September 5, 1998; revised March 5, 1999; accepted April 9, 1999.
Communicated by Jang-Ping Sheu.

JOURNAL  OF  INFORMATION  SCIENCE  AND  ENGINEERING  16, 41-64 (2000)

41

Efficient Parallel Prefix Algorithms on Multicomputers

YEN-CHUN LIN* AND C. M. LIN

Department of Electronic Engineering
National Taiwan University of Science and Technology

Taipei, Taiwan 106, R.O.C.
*E-mail: yclin@et.ntust.edu.tw

Given n values v(0), v(1),..., v(n - 1) and an associative binary operation, denoted by
o, the prefix computation problem, or simply the prefix problem, is to compute the n pre-
fixes v(0) o v(1) o ... o v(i), 0 £ i £ n - 1.  We are interested in performing prefix computation
on message-passing completely connected multicomputers with the weakest communica-
tion capability in as few communication steps as possible.  An efficient algorithm is pre-
sented to solve the prefix problem on a system of n processors.  To explore the possibility of
obtaining a faster algorithm, a class of algorithms is then presented.  It is shown that the
algorithm in this class requiring the fewest communication steps is equivalent to the first
algorithm presented.

Keywords: completely connected multicomputers, message-passing, parallel algorithms,
prefix computation, send-or-receive

1. INTRODUCTION

Given n values v(0), v(1),..., v(n - 1) and an associative binary operation, denoted by
o, the prefix computation problem, or simply the prefix problem, is to compute the n pre-
fixes v(0) o v(1) o ... o v(i), 0 £ i £ n - 1.  Prefix computation has been extensively studied
due to its numerous applications [1-8]; for example, it is used in loop parallelization, the
evaluation of polynomials, and the solution of linear recurrences.  Because of its importance,
prefix computation has been considered to be a primitive operation [9].  Indeed, many
parallel prefix algorithms have been proposed [2, 5, 6, 10-12], and many prefix circuits
have also been designed and studied [6, 12-18].  This paper presents algorithms that solve
the prefix problem on a message-passing completely connected multicomputer.  Each pro-
cessing element (PE) in the multicomputer can only perform a send or receive operation
with another PE in a communication step.  This send-or-receive model of communication is
the most important one of the four communication models presented in [19].  Because it is
the weakest communication model on a completely connected multicomputer, the upper
bounds of this model apply to other communication models, and the lower bounds of this
model are the upper bounds for the lower bounds of other models.  Algorithms developed
for this model are suited to implementation on some leading-edge message-passing
multicomputers, such as the SP2 [20], nCUBE 2 [21], CM-5 [22], and Paragon [23], and to
implementation in environments, such as Express [24], Zipcode [25], and PICL [26].  Al-
though a PE of a modern message-passing parallel computer can send a message to a di-
rectly connected PE and, in the same step, receive a message from the other directly con-
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nected PE, it usually takes longer to send and receive in a single step than to send only or
receive only due to the inherent hardware capability and software overhead [27-29].  For
example, on the SP2, the unidirectional data rate can be as high as 35.5 MB/sec; however,
when data are transferred in both directions, the rate in either direction can reach only 24.1
MB/sec [29].  As another example, the unidirectional bandwidth on transputers is 1.8 MB/
sec; however, the bandwidth in either direction is only 1.2 MB/sec when data are trans-
ferred in both directions [27].  On the other hand, while the SP2 can be programmed as a
completely connected computer, the multistage interconnection may cause it to take longer
to pass more messages in a single communication step [30].  On an n-PE system, the send-
or-receive model ensures that no more than n / 2   messages are communicated in a single
communication step; thus, one communication step will not take too much time.

The completely connected model has some advantages in algorithm development
[31].  First, this model is flexible because no specific PE interconnection is assumed; for
example, algorithms may be portable between computers that can dynamically allocate PEs
and that can tolerate PE faults.  In addition, because when designing algorithms for the
completely connected model we do not consider tedious details related to message routing,
insight can be gained into developing algorithms on computers with a particular intercon-
nection among PEs.  Third, if the communication requirement of an algorithm run on the
completely connected model can be efficiently mapped to another target model, then that
algorithm can be transformed into a new one for the target model.

In this paper, we are interested in prefix computation on send-or-receive completely
connected multicomputers in as few communication steps as possible.  Section 2 presents
an efficient algorithm for solving the prefix problem on a system of n PEs in 1 2.44 log  n 
or 1 12.44 log  n  +  communication steps.  To explore the possibility of obtaining a faster
algorithm, section 3 gives a class of algorithms for the prefix problem also on a system of
n PEs.  The algorithm that requires the fewest communication steps is shown to be equiva-
lent to the one presented in section 2.  Section 4 gives related research.  Section 5 concludes
this paper.

2. AN ALGORITHM

This section presents a parallel algorithm that solves the prefix problem on a system
of n PEs.  The n PEs are numbered 0 through n - 1.  Each PE i, 0 £ i < n, has a memory
location, v(i), which stores its initial value and a location, c(i), which keeps its final result as
well as temporary values.  No other memory locations are needed.  To simplify the
presentation, x:y is used to represent the result of computing v(x) o v(x+1) o ... o v(y), where
x £ y.  PE 0 initially contains the result v(0); for other PEs, we want to obtain c(i) = 0:i.  We
will use the Fibonacci sequence defined by F0 = 0, F1 = 1, and Fk+2 = Fk+1 + Fk for k ≥ 0.  For
ease of presentation, the communication operation “transfer the value of c(i) from PE i to
PE  j ” will be abbreviated to “transfer c(i) to PE j ”.  Further, we will use the operation “c(j)
:=o c(i)” as a shortened form of “c(j) := c(i) o c(j) in PE j ”, i.e., assigning c(j) in PE j with the
result of performing c(i) o c(j).  More definitions used throughout this paper for ease of
presentation are as follows:
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Algorithm LL( n).  /* n ≥ 10 */

Stage A:
Step 0: Every PE computes m = min{i | Li ≥ N} or looks it up from a precomputed table.

Note that Lm ≥ N > Lm-1.
Step 1: For all i, 0 £ i < N, transfer v(2i) from PE 2i to PE (2i + 1), and then compute

c(2i + 1) := v(2i) o v(2i + 1) in PE (2i + 1).
Step 2: For all i, 0 £ i < N - 1, transfer c(2i + 1) to PE 2i, and then perform c(2i) := c(2i

+ 1) in PE 2i.

Stage B: Step k (3 £ k £ m).
Case (a): m is even.

If k is odd, for each i, 0 £ i < N - Fk,
(1) transfer c(2i + 1) to PE 2(i + Fk-2),
(2) perform c(2(i + Fk-2)) :=o c(2i + 1).

If k is even, for each i, 0 £ i < N - Fk-2,
(1) transfer c(2i) to PE (2(i + Fk-2) + 1),
(2) perform c(2(i + Fk-2) + 1) :=o c(2i).

Case (b): m is odd.
If k is odd, for each i, 0 £ i < N - Fk-2,

(1) transfer c(2i) to PE (2(i + Fk-2) + 1),
(2) perform c(2(i + Fk-2) + 1) :=o c(2i).

If k is even, for each i, 0 £ i < N - Fk,
(1) transfer c(2i + 1) to PE 2(i + Fk-2),
(2) perform c(2(i + Fk-2)) :=o c(2i + 1).

Stage C:  Step m + 1.
For each i, 0 £ i < Fm,

(1) transfer c(2i + 1) to PE (2(i + Fm) + 1),
(2) perform c(2(i + Fm) + 1) :=o c(2i + 1).

For each i, 0 £ i < N - 2Fm,
(1) transfer c(2(i + Fm)) to PE (2(i + 2Fm) + 1),
(2) perform c(2(i + 2Fm) + 1) :=o c(2(i + Fm)).

Stage D:  Step m + 2.
For each i, 0 £ i < Fm + 1,

(1) transfer c(2(i + Fm-2) + 1) to PE (2(i + 2Fm) + 1),
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(2) perform c(2(i + 2Fm) + 1) :=o c(2(i + Fm-2) + 1).
For each i, 0 £ i < N - 2Fm - Fm+1,

(1) transfer c(2(i + 2Fm)) to PE (2(i + 2Fm + Fm+1) + 1),
(2) perform c(2(i + 2Fm + Fm+1) + 1) :=o c(2(i + 2Fm)).

Stage E:  Step m + 3.
For each i, 0 £ i < N - 2Fm - Fm+1,

(1) transfer c(2(i + 2Fm - Fm-1) + 1) to PE (2(i + 2Fm + Fm+1) + 1),
(2) perform c(2(i + 2Fm + Fm+1) + 1) :=o c(2(i + 2Fm - Fm-1) + 1).

Stage F: Step m + 4.
If n is even (respectively, odd) for each i, 0 £ i < N - 1 (respectively, 0 £ i < N),
transfer c(2i + 1) to PE (2i + 2), and then compute c(2i + 2) := c(2i + 1) o v(2i + 2)
in PE (2i + 2).

As an example, Fig. 1 helps explain how and when the final results are generated for
n = 16 and, therefore, N = 8 and m = 3.  Every vertical line represents a PE whose identifi-
cation number is above the line.  An oblique line drawn between PE i and PE j with a dot at
the lower end on PE j represents a data transfer from PE i to PE j.  The symbol x:y shown on
the right side of the dot denotes a final or intermediate result obtained in the same step as the
data transfer.  For example, PE 3 produces 2:3 and 0:3 in steps 1 and 3, respectively.

Fig. 1.  Execution of LL(16).

Let us briefly point out some characteristics of the above algorithm to gain more
insight.  After stage A, c(2i) = c(2i + 1) = 2i:(2i + 1) for 0 £ i £ N - 2, and c(2N - 1) = (2N
- 2):(2N - 1).  During stage B, the algorithm executes m - 2 steps.  If m ≥ 3 and m is even
(respectively, odd), then in step 3, c(i) values in the first N - F3 odd-numbered (respectively,
the first N - F1 even-numbered) PEs are transferred to even-numbered (respectively, odd-
numbered) PEs.  Then, in step 4, c(i) values in the first N - F2 even-numbered (respectively,
the first N - F4 odd-numbered) PEs are transferred to odd-numbered (respectively, even-
numbered) PEs, and so on, until step m.
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In steps m + 1 and m + 2, while a portion of the even-numbered PEs transfer their values
to odd-numbered PEs, respectively, a portion of the odd-numbered PEs also transfer their c
(i) values to other odd-numbered PEs, respectively.  In step m + 3, only odd-numbered PEs
transfer their values to other odd-numbered PEs, respectively.  After step m + 3, all odd-
numbered PEs obtain their respective final results.  That is, c(2i + 1) = 0:(2i + 1) for 0 £ i < N.
Then, in the last step, each c(2i + 1), where 0 £ i < N and 2i + 1 < n - 1, is transferred to PE (2i
+ 2) so that the receiver PE can compute the final result 0:(2i + 2).

Lemma 1.  After executing stage E of Algorithm LL, c(2i + 1) = 0:(2i + 1) for 0 £ i < N; that
is, odd-numbered PEs contain their respective final results.

Proof:  Because the proof is very lengthy, it is given in Appendix A.

Theorem 1.  Algorithm LL solves the prefix problem in log .44 logφ n n  =  1 2  or
logφ n  +1 communication steps.

Proof:  From Lemma 1, after step m + 3, all odd-numbered PEs obtain their respective final
results.  Then, after step m + 4, all even-numbered PEs also contain their respective final
results.  That is, only m + 4 communication steps are needed to compute all the prefixes.

Let q = m + 2; then, Lm = lm+2 = lq, where lq = Fq+1 + Fq-1 is the Lucas number [32].
Using the closed form lq = fq + jq and the condition Lm ≥ N > Lm-1, we have
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Because n ≥ 10, or N ≥ 5, and Lm ≥ N > Lm-1, we have m ≥ 2; thus, q ≥ 4.  Therefore, |j q| <
0.2 and |j q–1| < 0.3.  In addition, it is assumed that n ≥ 10; therefore,

log ( . ( .4 ) / ) log log ( . . / ) log .φ φ φ φ0 5 0 1 20 2 2 0 5 0 3 10 3− + + + ≤ + < + + +n q n
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Q.E.D.
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3. A CLASS OF ALGORITHMS

Recall that in Algorithm LL, odd-numbered PEs start to send values to other odd-
numbered PEs in step m + 1, where m = min{i | Li ≥ N}.  A question arises naturally: Can we
change the value of m and still have an algorithm for prefix computation?  If we can, is
there a better algorithm than LL in the sense that it takes fewer communication steps?  This
section presents a class of parallel prefix algorithms in which the value of m can be any
integer greater than 1.  However, we shall show that no algorithms are better than LL.

Algorithm CL( n, m).  /* n ≥ 10 and m ≥ 2 */

Stage A:
Step 0: Every PE computes t = min{i | G(i, m) ≥ N} or looks it up from a precomputed

table.  Note that G(t, m) ≥ N > G(t - 1, m).
Step 1: For all i, 0 £ i < N, transfer v(2i) from PE 2i to PE (2i + 1), and then compute

c(2i + 1) := v(2i) o v(2i + 1) in PE (2i + 1).
Step 2: For all i, 0 £ i < N - 1, transfer c(2i + 1) to PE 2i, and then perform c(2i) := c(2i

+ 1) in PE 2i.

Stage B: Step k (3 £ k £ m).
Case (a): m is even.

If k is odd, for each i, 0 £ i < N - Fk,
(1) transfer c(2i + 1) to PE 2(i + Fk-2),
(2) perform c(2(i + Fk-2)) :=o c(2i + 1).

If k is even, for each i, 0 £ i < N - Fk-2,
(1) transfer c(2i) to PE (2(i + Fk-2) + 1),
(2) perform c(2(i + Fk-2) + 1) :=o c(2i),
(3) if Fk ≥ N, go to stage F.

Case (b): m is odd.
If k is odd, for each i, 0 £ i < N - Fk-2,

(1) transfer c(2i) to PE (2(i + Fk-2) + 1),
(2) perform c(2(i + Fk-2) + 1) :=o c(2i),
(3) if Fk ≥ N, go to stage F.

If k is even, for each i, 0 £ i < N - Fk,
(1) transfer c(2i + 1) to PE 2(i + Fk-2),
(2) perform c(2(i + Fk-2)) :=o c(2i + 1).

Stage C: Step m + 1.
For each i, 0 £ i < Fm,

(1) transfer c(2i + 1) to PE (2(i + Fm) + 1),
(2) perform c(2(i + Fm) + 1) :=o c(2i + 1).

For each i, 0 £ i < N - 2Fm,
(1) transfer c(2(i + Fm)) to PE (2(i + 2Fm) + 1),
(2) perform c(2(i + 2Fm) + 1) :=o c(2(i + Fm)).
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Stage D: Step k (m + 2 £ k £ t - 1).
For each i, 0 £ i < Fm+1 + (k - m - 2)Fm-1,

(1) transfer c(2(i + G(k - 1, m) - Fm+1 - (k - m - 2)Fm-1) + 1) to
       PE (2(i + G(k - 1, m)) + 1),
(2) perform c(2(i + G(k - 1, m)) + 1)
       :=o c(2(i + G(k - 1, m) - Fm+1 - (k - m - 2)Fm-1) + 1).

For each i, 0 £ i < N - G(k, m),
(1) transfer c(2(i + G(k - 1, m))) to PE (2(i + G(k, m)) + 1),
(2) perform c(2(i + G(k, m)) + 1) :=o c(2(i + G(k - 1, m))).

Stage E: If t < m + 2, go to stage F; otherwise,
for each i, 0 £ i < N - G(t - 1, m),

(1) transfer c(2(i + G(t - 1, m) - Fm+1 - (t - m - 2)Fm-1) + 1) to
       PE (2(i + G(t - 1, m)) + 1),
(2) perform c(2(i + G(t - 1, m)) + 1)
       :=o c(2(i + G(t - 1, m) - Fm+1 - (t - m - 2)Fm-1) + 1).

Stage F: If n is even (respectively, odd), for each i, 0 £ i < N - 1 (respectively, 0 £ i < N),
transfer c(2i + 1) to PE (2i + 2), and then compute c(2i + 2) := c(2i + 1) o v(2i + 2) in
PE (2i + 2).

Note that Algorithm CL shares the following with LL: steps 1 and 2, stages C and F.
In addition, if CL does not jump from stage B to stage F, then CL and LL also pass identical
messages between the same pairs of PEs and perform identical o operations and assign-
ments in the same PEs in stage B.

Let us examine the possible executions of CL when n ≥ 10 and m ≥ 2.  When m = 2,
except for stage B, all stages will be executed.  When m ≥ 3, stage B will be executed, but
other stages may be skipped, as presented in the following.  If Fm ≥ N, the execution will
jump from stage B to stage F, skipping stages C, D, and E.  If 2Fm ≥ N > Fm or G(m + 1, m)
≥ N > G(m, m), then t = m + 1; thus, stages D and E will be skipped.  If Lm-1 ≥ N > 2Fm or 2Fm

+ Fm+1 = G(m + 2, m) ≥ N > G(m + 1, m), then t = m + 2; thus, only stage D will be skipped.  If
N > Lm-1, then t  ≥ m + 3; thus, no stage will be skipped.  Note that when CL uses the same
m value as LL does, satisfying Lm ≥  N > Lm-1, CL is equivalent to LL in the sense that they
pass identical messages between the same pairs of PEs and perform identical operations
and assignments in the same PEs in each step except step 0.

Lemma 2.  Before executing stage F of Algorithm CL, we have c(2i + 1) = 0:(2i + 1) for 0
£ i < N; that is, odd-numbered PEs contain their respective final results.

Proof:  Because the proof is very lengthy, it is given in Appendix B.

Theorem 2.  Consider solving the prefix problem with Algorithm CL.  If N > Fm, it takes
t + 1 communication steps, where G(t, m) ≥ N > G(t - 1, m).  If Fm ≥ N, it takes j + 1
communication steps, where Fj ≥ N > Fj-1, and j is even if and only if m is even.
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Proof:  From Lemma 2 and Algorithm CL, all even-numbered PEs obtain their final results one
step later than all odd-numbered PEs.  If N > 2Fm, then, as already noted, t ≥ m + 2, and from
Lemma 2, whether stage D is skipped or not, all odd-numbered PEs obtain their respective
final results after stage E, or step t.  Thus, it takes t + 1 communication steps to solve the
prefix problem.  If 2Fm ≥ N > Fm, after step m + 1 = t, or stage C, and before stage F, all odd-
numbered PEs contain their respective final results; therefore, it also takes t + 1 communica-
tion steps to solve the prefix problem.

If Fm ≥ N and m is even (respectively, odd), it takes j communication steps to execute
stages A and B for all odd-numbered PEs to obtain their respective final results, where j is
also even (respectively, odd) and Fj ≥ N > Fj-2.  This implies that when Fj  ≥ N > Fj-1, it also
takes j communication steps for all odd-numbered PEs to obtain their respective final results.
Therefore, it takes j + 1 communication steps to solve the prefix problem.                Q.E.D.

To better understand the effect of the relationship between n and m on the number of
communication steps needed to solve the prefix problem, Table 1 lists the ranges of n in
which Algorithm CL can manage to solve the prefix problem in 4 through 10 communica-
tion steps for three possible relationships of N and m.  For example, when Fm ≥ N > Fm-1 and
12 £ n £ 17, it takes 7 communication steps.  Note that although we do not expect to solve
the prefix problem with Algorithm CL when n < 10, CL is actually applicable when 4  £ n
£ 9 and 2Fm ≥ N > Fm-1.  Table 1 shows that, for a fixed value of n ≥ 10, Algorithm CL with
Lm ≥ N > Lm-1 takes no more communication steps than it does with the other two relationships.
In fact, we shall now prove that CL takes the fewest steps when Lm ≥ N > Lm-1.

Table 1.  Ranges of n that Algorithm CL can manage in solving the prefix problem in
4 to 10 communication steps for three different relationships of n and m.

Number of steps Fm ≥ N > Fm–1 2Fm ≥ N > Fm Lm ≥  N > Lm–1

4 4-5 4-5 N/A

5 6-7 6-9 N/A

6 8-11 10-13 10-15

7 12-17 14-21 16-23

8 18-27 22-33 24-37

9 28-43 34-53 38-59

10 44-69 54-85 60-95
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Theorem 3.  Algorithm CL takes the fewest steps when Lm ≥ N > Lm-1.

Proof:  Suppose Lm0
 ≥ N > Lm0-1 and m0 ≥ 2; thus,
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Let t0 = m0 + 3.  From Theorem 2, CL(n, m0) takes t0 + 1 communication steps.  We shall
consider three cases.
(i)  If N > Fm1, m0 > m1 ≥ 2, and G(t1, m1)  ≥ N > G(t1 - 1, m1), then from Theorem 2, CL(n,

m1) takes t1 + 1 communication steps.  We need to show that t0 £ t1.
From G(t1, m1) ≥ N and N > G(m0 + 2, m0) = G(t0 - 1, m0), we have
G(t1, m1) > G(t0 - 1, m0).

Let m0 = m1 + i, where i ≥ 1; then,

G(t1, m0 - i) > G(t0 - 1, m0);

that is,
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We shall now show that the above inequality does not hold when t1 £ m1 + i + 2, thereby,
obtaining t1 ≥ m1 + i + 3 = m0 + 3 = t0.  We will prove this by induction on i.  The claim can
be checked for i = 1.  Assume that the claim holds for i = k.  Thus, when t1 = m1 + k + 2,
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Consequently,
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That is, the claim holds when i = k + 1.  Therefore, we have proved that t1 ≥ t0.
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(ii)  If N > Fm2, m2 > m0, and G(t2, m2) ≥ N > G(t2 - 1, m2), then from Theorem 2, CL(n, m2) takes
t2 + 1 communication steps.  We need to show that t2 ≥ t0.

From N > Fm2
 and G(t2, m2)  ≥ N, we have G(t2, m2) > Fm2

.  If t2 = m2, then G(t2, m2) =
Fm2

.  Thus, t2  ≥ m2 + 1 must hold for G(t2, m2) > Fm2
 to hold.

If t2 = m2 + 1, from G(t2, m2)  ≥ N and N > G(t0 - 1, m0), we have

G(t2, m2) > G(t0 - 1, m0),
2Fm2

 > 2Fm0
 + Fm0+1,

2Fm2
 > Fm0

 + Fm0+2  ≥ 2Fm0+1;
thus,

m2 > m0 + 1,
m2 + 1  ≥ m0 + 3,
t2  ≥ t0.

If t2 = m2 + i, i  ≥ 2, then from the assumption that m2 > m0, we get t2  ≥ m0 + i + 1  ≥ t0.
(iii)  If Fm3  ≥ N, from Theorem 2, CL(n, m3) takes j + 1 communication steps when Fj  ≥ N

> Fj-1, and j is even if and only if m is even.  We need to show that j ≥ t0.  Because

Fj  ≥ N and N > Lm0-1,

we have

Fj > Fm0+2 + Fm0
 > Fm0+2,

j > m0 + 2,
j ≥ m0 + 3 = t0. Q.E.D.

Corollary 1.  Algorithm LL takes no more communication steps than does Algorithm CL.

4. RELATED RESEARCH

Parallel prefix algorithms on a message-passing completely connected multicomputer
may be derived from parallel prefix circuits and from prefix algorithms on the parallel
random-access machine (PRAM) model.  A parallel prefix circuit with fan-out 2 denoted
by L(n) has been presented, and it can be mapped to a prefix algorithm requiring 2 2log n  –
1 or 2 2log n   communication steps on a send-or-receive completely connected
multicomputer [15, 33].  L(n) is depth-size optimal, meaning that its depth plus its size
equals the lower bound 2n - 2, and the corresponding algorithm of L(n) is optimal in the
sense that the number of communication steps plus the total number of messages equals 2n
- 2.

The lower bound of the time complexity of prefix computation for all PRAMs is
W(log n).  A well-known time-optimal prefix algorithm on a concurrent-read exclusive-
write (CREW) PRAM with n/2 PEs [1, 34] can be mapped to a prefix algorithm on a send-
or-receive completely connected multicomputer with n PEs.  The latter algorithm requires
2 2log n   communication steps.  Clearly, Algorithm LL takes fewer communication steps
than do the other two algorithms on the same model.
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The prefix sums problem is a special case of the prefix problem: the associative binary
operation is the arithmetic addition.  The fast algorithm used to solve the prefix sums problem
on a concurrent-read concurrent-write (CRCW) PRAM as presented in [2] does not work for
the more general prefix problem.  When the n initial values are O(log n)-bit numbers, the
algorithm takes O(log n / log log n) time using n log log n/log n PEs.

On an exclusive-read exclusive-write (EREW) PRAM, Ladner and Fischer solved
the prefix problem in Q(log n) time using Q(n/log n) PEs [12].  On a concurrent-read
exclusive-write (CREW) PRAM with p < n PEs, prefix computation takes Q(n/p + log p)
time, which is time-optimal and cost-optimal when p = Q(n/log n) [34].

On the k-port (k ≥ 1) communication model of a completely connected message-
passing machine, each PE can send k distinct messages to k PEs and receive k messages
from k PEs in one communication step.  On such a machine with n PEs, it needs at least
logk n+ 1  communication steps to solve the prefix problem [35].

The gossip operation is used to send a value in each PE to all the other PEs.  On the k-
port model, it takes at least logk n+ 1  communication steps to perform the gossip operation
[31].  Thus, the prefix operation and gossip operation have the same lower bound for com-
munication complexity.  In addit ion, the gossip operation needs at least
log .44 logφ n n  ≈  1 2  communication steps on the send-or-receive model [19].  Therefore,

we conjecture that logφ n    is also a communication lower bound for the prefix problem.

Entringer and Slater have presented an algorithm for the gossip operation on an n-PE send-

or-receive machine in logφ n   + 4 communication steps [19, 36].

5. CONCLUSIONS

We are interested in solving the prefix problem in as few communication steps as
possible on message-passing completely connected multicomputers with only send-or-re-
ceive communication requirement.  The lower bound on the communication complexity for
the prefix problem on a system of n PEs is conjectured to be logφ n   communication steps.

Our Algorithm LL solves the prefix problem on a system of n PEs in  logφ n  or logφ n  + 1

communication steps.  To find a faster algorithm, we have designed a class of algorithms CL.
The algorithm that requires the fewest communication steps in CL is equivalent to LL.  This
not only implies that there may not be any algorithm requiring fewer communication steps,
but also increases our confidence that at least logφ n   communication steps are required.

As a final remark, we note that LL can be modified to solve the prefix problem by using
only p PEs, where 10 £ p < n.  For simplicity, assume that q = n/p is an integer, and that PE i
initially contains v(iq), v(iq + 1),..., v((i + 1)q - 1), for that 0 £ i < p.  We can obtain v(j) = 0:j, for
0 £ j < n.  The reader is referred to [10] for a description of the modified algorithm.  The
algorithm requires Q(n/p + log p) computation time and Q(log p) communication time.  If p =
W(n/log n), then n/p = O(log n).  In addition, log p = O(log n); thus, the execution time is Q
(n/p + log p) = O(log n), which is optimal.  On the other hand, if p = O(n/log n), then n/p =
W(log n) = W(log p); thus, the time complexity Q(n/p + log p) = Q(n/p), and the algorithm
achieves linear speedup and is cost-optimal.  Therefore, when p = Q(n/log n), the algorithm
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is time-optimal and cost-optimal.  It should be noted that when n = W(p log p), we have n/p
= W(log p), Q(n/p + log p) = Q(n/p); thus, the algorithm also achieves linear speedup and is
cost-optimal.

APPENDIX A

Proof of Lemma 1:  Because n ≥ 10, or N ≥ 5, and Lm ≥ N > Lm-1, we have m ≥ 2.  Note that stage
B is executed for at least one step only when m ≥ 3.  Therefore, we must consider both the
situation where stage B is executed and that where stage B is skipped.
(i)  First, we will show that during case (a) of stage B (m is even), after step k, if k is odd,
then

c(2i) = 0:(2i + 1), for 0 £ i < Fk;
c(2i) = 2(i - Fk + 1):(2i + 1) for Fk £ i < N - Fk-1.

Otherwise, if k is even,

c(2i + 1) = 0:(2i + 1), for 0 £ i < Fk;
c(2i + 1) = 2:(i - Fk + 1):(2i + 1), for Fk £ i < N.

We shall prove by induction on k.
The claim can be checked for k = 3, 4.  Specifically, after step k = 3,

c(2i) = 0:(2i + 1), for 0 £ i < 2;
c(2i) = (2i - 2):(2i + 1), for 2 £ i < N - 1.

After step k = 4,

c(2i + 1) = 0:(2i + 1), for 0 £ i < 3;
c(2i + 1) = 2(i - 2):(2i + 1), for 3 £ i < N.

Assume the claim holds for k £ s < m; we can show that it also holds for k = s + 1.
Case (1):  s is even.
By the induction hypothesis, after step k = s - 1, we have

c(2i) = 0:(2i + 1), for 0 £ i < Fs-1; (1)
c(2i) = 2(i - Fs-1 + 1):(2i + 1), for Fs-1 £ i < N - Fs-2. (2)

In addition, after step k = s, we have

c(2i + 1) = 0:(2i + 1), for 0 £ i < Fs; (3)
c(2i + 1) = 2(i - Fs + 1):(2i + 1), for Fs £ i < N. (4)

In fact, Eq. (2) is equivalent to

c(2(i + Fs-1)) = 2(i + 1):2(i + Fs-1) + 1, for 0 £ i < N - Fs. (5)
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In step s + 1, the first N - Fs+1 values in Eqs. (3) and (4) are involved in operations; thus,
instead of using Eqs. (3) and (4), we will use Eq. (3) and

c(2i + 1) = 2(i - Fs + 1):(2i + 1), for Fs £ i < N - Fs+1. (6)

Therefore, we use Eqs. (3), (6), and (5) in performing

c(2(i + Fs-1)) :=o c(2i + 1), for 0 £ i < N - Fs+1,

to obtain

c(2(i + Fs-1)) = 0:(2(i + Fs-1) + 1), for 0 £ i < Fs;
c(2(i + Fs-1)) = 2(i - Fs + 1):(2(i + Fs-1) + 1), for Fs £ i < N - Fs+1.

The above two equations are, respectively, equivalent to

c(2i) = 0:(2i + 1), for Fs-1 £ i < Fs+1; (7)
c(2i) = 2(i - Fs+1 + 1):(2i + 1), for Fs+1 £ i < N - Fs. (8)

Combining Eqs. (1) and (7), we get

c(2i) = 0:(2i + 1), for 0 £ i < Fs+1. (9)

Thus, by Eqs. (9) and (8), the claim holds for k = s + 1.
Case (2):  s is odd.
By the induction hypothesis, after step k = s - 1, we have

c(2i + 1) = 0:(2i + 1), for 0 £ i < Fs-1; (10)
c(2i + 1) = 2(i - Fs-1 + 1):(2i + 1), for Fs-1 £ i < N. (11)

In addition, after step k = s, we have

c(2i) = 0:(2i + 1), for 0 £ i < Fs;  (12)
c(2i) = 2(i - Fs + 1):(2i + 1), for Fs £ i < N - Fs-1.  (13)

Eq. (11) is equivalent to

c(2(i + Fs-1) + 1) = 2(i + 1):2(i + Fs-1) + 1, for 0 £ i < N - Fs-1. (14)

In step s + 1, the N - Fs-1 values in Eqs. (12) and (13) are involved in operations; thus,
we use Eqs. (12), (13), and (14) in performing

c(2(i + Fs-1) + 1) := o c(2i), for 0 £ i < N - Fs-1,

to obtain

c(2(i + Fs-1) + 1) = 0:2(i + Fs-1) + 1, for 0 £ i < Fs;



YEN-CHUN LIN AND C. M. LIN54

c(2(i + Fs-1) + 1) = 2(i - Fs + 1):2(i + Fs-1) + 1, for Fs £ i < N - Fs-1.

The above two equations are, respectively, equivalent to

c(2i + 1) = 0:(2i + 1), for Fs-1 £ i < Fs+1; (15)
c(2i + 1) = 2(i - Fs+1 + 1):(2i + 1), for Fs+1 £ i < N. (16)

Combining Eqs. (10) and (15), we get

c(2i + 1) = 0:(2i + 1), for 0 £ i < Fs+1.  (17)

Thus, by Eqs. (17) and (16), the claim holds for k = s + 1.

(ii)  Next, we will prove that for case (b) of stage B (m is odd), after step k, if k is even, then

c(2i) = 0:(2i + 1), for 0 £ i < Fk;
c(2i) = 2(i - Fk + 1):(2i + 1), for Fk £ i < N - Fk-1.

Otherwise, if k is odd,

c(2i + 1) = 0:(2i + 1), for 0 £ i < Fk;
c(2i + 1) = 2(i - Fk + 1):(2i + 1), for Fk £ i < N.

If m = 3, the claim can be easily checked for k = 3.  If m ≥ 5, the proof is carried out by
induction on k and is almost the same as that for (i) above.  The major difference is in the
details of the basis part or in checking for k = 3, 4.  Specifically, after step k = 3,

c(2i + 1) = 0:(2i + 1), for 0 £ i < 2;
c(2i + 1) = (2i - 2):(2i + 1), for 2 £ i < N.

After step k = 4,

c(2i) = 0:(2i + 1), for 0 £ i < 3;
c(2i) = 2(i - 2):(2i + 1), for 3 £ i < N - 2.

The induction part is exactly the same as that in (i) above, except that the two words
“odd” and “even” should be interchanged.  Specifically, now, case (1) is for odd s, and case
(2) is for even s.
(iii)  Then, we can show that after stage C, or after step m + 1,

c(2i + 1) = 0:(2i + 1), for 0 £ i < 2Fm; (18)
c(2i + 1) = 2(i - Fm+1 + 1):(2i + 1), for 2Fm £ i < N. (19)

If m = 2, that is, stage B is not executed, then after stage A and before stage C, we have

c(2i) = 0:(2i + 1), for 0 £ i < Fm-1;  (20)
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c(2i) = 2(i - Fm-1 + 1):(2i + 1), for Fm-1 £ i < N - Fm-2 (21)

and

c(2i + 1) = 0:(2i + 1), for 0 £ i < Fm; (22)
c(2i + 1) = (2(i - Fm +1)):(2i + 1), for Fm £ i < N. (23)

If m ≥ 3, that is, stage B is executed, from the above proof, after step m - 1, we also have
Eqs. (20) and (21) whether m is even or odd.  In addition, after step m, we have Eqs. (22)
and (23) whether m is even or odd.  Eq. (23) is equivalent to

c(2(i + Fm) + 1) = 2(i + 1):(2(i + Fm) + 1), for 0 £ i < N - Fm.

It can be partitioned into two portions:

c(2(i + Fm) + 1) = 2(i + 1):(2(i + Fm) + 1), for 0 £ i < Fm; (24)
c(2(i + Fm) + 1) = 2(i + 1):(2(i + Fm) + 1), for Fm £ i < N - Fm. (25)

Using Eqs. (22) and (24) in performing

c(2(i + Fm) + 1) :=o c(2i + 1), for 0 £ i < Fm,

in stage C, we have

c(2(i + Fm) + 1) = 0:(2(i + Fm) + 1), for 0 £ i < Fm.

The above equation is equivalent to

c(2i + 1) = 0:(2i + 1), for Fm  £ i < 2Fm.

Combining the above equation and Eq. (22), we have Eq. (18).
The N - 2Fm values in Eq. (21),

c(2i) = 2(i - Fm-1 + 1):(2i + 1), for Fm £ i < N - Fm,

can be expressed as

c(2(i + Fm)) = 2(i + Fm-2 + 1):(2(i + Fm) + 1), for 0 £ i < N - 2Fm. (26)

Also note that Eq. (25) is equivalent to

c(2(i + 2Fm) + 1) = 2(i + Fm + 1):(2(i + 2Fm) + 1),   for 0 £ i < N - 2Fm. (27)

Therefore, we use Eqs. (26) and (27) in performing

c(2(i + 2Fm) + 1) :=o c(2(i + Fm)),   for 0 £ i < N - 2Fm,
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in stage C to obtain

c(2(i + 2Fm) + 1) = 2(i + Fm-2 + 1):(2(i + 2Fm) + 1), for 0 £ i < N - 2Fm. (28)

The above equation is equivalent to Eq. (19).  Therefore, the claim holds.

(iv)  Now, we will prove that after stage D, or after step m + 2,

c(2i + 1) = 0:(2i + 1),     for 0 £ i < 2Fm + Fm+1; (29)
c(2i + 1) = 2(i - Fm+1 - Fm-1 + 1):(2i + 1),     for 2Fm + Fm+1 £ i < N. (30)

Eq. (28) can be partitioned into two portions:

c(2(i + 2Fm) + 1) = 2(i + Fm-2 + 1):(2(i + 2Fm) + 1),   for 0 £ i < Fm+1; (31)
c(2(i + 2Fm) + 1) = 2(i + Fm-2 + 1):(2(i + 2Fm) + 1),   for Fm+1  £ i < N - 2Fm. (32)

The Fm+1 values in Eq. (18),

c(2i + 1) = 0:(2i + 1),     for Fm-2 £ i < 2Fm,

can be expressed as

c(2(i + Fm-2) + 1) = 0:(2(i + Fm-2) + 1),     for 0 £ i < Fm+1. (33)

Thus, using Eqs. (31) and (33) in performing

c(2(i + 2Fm) + 1) :=o c(2(i + Fm-2) + 1),     for 0 £ i < Fm+1,

we have

c(2(i + 2Fm) + 1) = 0:(2(i + 2Fm) + 1),     for 0 £ i < Fm+1,

which is equivalent to

c(2i + 1) = 0:(2i + 1),     for 2Fm £ i < 2Fm + Fm+1.

Combining the above equation and Eq. (18), we obtain Eq. (29).
To perform

c(2(i + 2Fm + Fm+1) + 1) :=o c(2(i + 2Fm)),     for 0 £ i < N - 2Fm - Fm+1,

the N - 2Fm - Fm+1 values in Eq. (21),

c(2i) = 2(i - Fm-1 + 1):(2i + 1),     for 2Fm £ i < N - Fm+1,

are employed, which can be rewritten as
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c(2(i + 2Fm)) = 2(i + 2Fm - Fm-1 + 1):(2(i + 2Fm) + 1), for 0 £ i < N - 2Fm - Fm+1. (34)

All the values in Eq. (32) are also employed in the operations, which can be expressed as

c(2(i + 2Fm + Fm+1) + 1) = 2(i + 2Fm + 1):(2(i + 2Fm + Fm+1) + 1),
for 0 £ i < N - 2Fm - Fm+1. (35)

Thus, using Eqs. (34) and (35) in the operations, we have

c(2(i + 2Fm + Fm+1) + 1) = 2(i + 2Fm - Fm-1 + 1):(2(i + 2Fm + Fm+1) + 1),
for 0 £ i < N - 2Fm - Fm+1.

The above equation is equivalent to Eq. (30).  Therefore, the claim holds.

(v)  Finally, we will show that after stage E, or after step m + 3,

c(2i + 1) = 0:(2i + 1), for 0 £ i < N.

Eq. (30) is equivalent to

c(2(i + 2Fm + Fm+1) + 1) = 2(i + 2Fm - Fm-1 + 1):(2(i + 2Fm + Fm+1) + 1),
for 0 £ i < N - 2Fm - Fm+1.            (36)

Furthermore, the N - 2Fm - Fm+1 values in Eq. (29),

c(2i + 1) = 0:(2i + 1), for 2Fm - Fm-1 £ i < N - Fm-1 - Fm+1,

are equivalent to

c(2(i + 2Fm - Fm-1) + 1) = 0:(2(i + 2Fm - Fm-1) + 1), for 0 £ i < N - 2Fm - Fm+1. (37)

Thus, using Eqs. (37) and (36) in performing

c(2(i + 2Fm + Fm+1) + 1) :=o c(2(i + 2Fm - Fm-1) + 1), 0 £ i < N - 2Fm - Fm+1,

we have

c(2(i + 2Fm + Fm+1) + 1) = 0:(2(i + 2Fm + Fm+1) + 1), for 0 £ i < N - 2Fm - Fm+1,

which is equivalent to

c(2i + 1) = 0:(2i + 1), for 2Fm + Fm+1 £ i < N.

Combining the above equation and Eq. (29), we get

c(2i + 1) = 0:(2i + 1), for 0 £ i < N. Q.E.D.
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APPENDIX B

Proof of Lemma 2:  We distinguish five cases.

(i)  First, consider the case where m ≥ 3 and N > Lm-1.  As already mentioned, no stage is
skipped.  If step 0 is not considered, then stages A, B, and C of Algorithm CL are the
same as those of Algorithm LL except that in CL, it is possible to jump from stage B to
stage F.  Because no stage is skipped, as in Algorithm LL, after stage B, as well as after
stage C, we have Eq. (21), which is copied here for convenience:

c(2i) = 2(i - Fm-1 + 1):(2i + 1), for Fm-1 £ i < N - Fm-2. (38)

We will now show that, after step k in stage D,

c(2i + 1) = 0:(2i + 1), for 0 £ i < G(k, m); (39)
c(2i + 1) = 2(i - Fm+1 - (k - m - 1)Fm-1 + 1):(2i + 1), G(k, m) £ i < N. (40)

This can be proved by induction on k as follows.  When k = m + 2, step m + 2 is equivalent
to step m + 2 of Algorithm LL.  Thus, after step m + 2, from the proof of Lemma 1, we have
Eqs. (29) and (30), which can be rewritten as

c(2i + 1) = 0:(2i + 1), for 0 £ i < 2Fm + Fm+1 = G(k, m);
c(2i + 1) = 2(i - Fm+1 - Fm-1 + 1):(2i + 1), for G(k, m) £ i < N.

Because stage D begins with step m + 2, the basis holds.

As the induction hypothesis, assume that, after step k = m + s - 1 < t - 1, where s ≥ 3,
we have

c(2i + 1) = 0:(2i + 1), for 0 £ i < G(m + s - 1, m); (41)
c(2i + 1) = 2(i - Fm+1 - (s - 2)Fm-1 + 1):(2i + 1),    for G(m + s - 1, m) £ i < N. (42)

We can partition Eq. (42) into two portions

c(2i + 1) = 2(i - Fm+1 - (s - 2)Fm-1 + 1):(2i + 1), for G(m + s - 1, m)  £ i < G(m + s, m);

and

c(2i + 1) = 2(i - Fm+1 - (s - 2)Fm-1 + 1):(2i + 1), for G(m + s, m) £ i < N.

The above two equations are, respectively, equivalent to

c(2(i + G(m + s - 1, m)) + 1)
= 2(i + G(m + s - 1, m) - Fm+1 - (s - 2)Fm-1 + 1):2(i + G(m + s - 1, m)) + 1,

for 0 £ i < Fm+1 + (s - 2)Fm-1 (43)

and
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c(2(i + G(m + s, m)) + 1)
= 2(i + G(m + s - 1, m) + 1):2(i + G(m + s, m)) + 1,

for 0 £ i < N - G(m + s, m) (44)

In step k = m + s, the last Fm+1 + (s - 2)Fm-1 values in Eq. (41),

c(2i + 1) = 0:(2i + 1),      for G(m + s - 1, m) - Fm+1 - (s - 2)Fm-1 £ i < G(m + s - 1, m),

are employed in operations.  These values can be rewritten as

c(2(i + G(m + s - 1, m) - Fm+1 - (s - 2)Fm-1) + 1)
= 0:2(i + G(m + s - 1, m) - Fm+1 - (s - 2)Fm-1) + 1, for 0 £ i < Fm+1 + (s - 2)Fm-1. (45)

Using Eqs. (45) and (43) in performing

c(2(i + G(m + s - 1, m)) + 1) :=o c(2(i + G(m + s - 1, m) - Fm+1 - (s - 2)Fm-1) + 1),
for 0 £ i < Fm+1 + (s - 2)Fm-1,

in stage D, we have

c(2(i + G(m + s - 1, m)) + 1) = 0:2(i + G(m + s - 1, m)) + 1,
for 0 £ i < Fm+1 + (s - 2)Fm-1,

which is equivalent to

c(2i + 1) = 0:(2i + 1), for G(m + s - 1, m) £ i < G(m + s, m).

Combining the above equation and Eq. (41), we get

c(2i + 1) = 0:(2i + 1), for 0 £ i < G(m + s, m). (46)

Also in step k = m + s, the N - G(m + s, m) values in Eq. (38),

c(2i) = 2(i - Fm-1 + 1):(2i + 1),         for G(m + s - 1, m) £ i < N - Fm+1 - (s - 2)Fm-1,

are employed in other operations.  These values can be rewritten as

c(2(i + G(m + s - 1, m)))
= 2(i - Fm-1 + G(m + s - 1, m) + 1):2(i + G(m + s - 1, m)) + 1,

for 0 £ i < N - G(m + s, m). (47)

Using Eqs. (47) and (44) in performing

c(2(i + G(m + s, m)) + 1) :=o c(2(i + G(m + s - 1, m))),
for 0 £ i < N - G(m + s, m),
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in stage D, we have

c(2(i + G(m + s, m)) + 1)
= 2(i - Fm-1 + G(m + s - 1, m) + 1):2(i + G(m + s, m)) + 1,

for 0 £ i < N - G(m + s, m).

The above equation is equivalent to

c(2i + 1) = 2(i - Fm+1 - (s - 1)Fm-1 + 1):(2i + 1),      for G(m + s, m) = G(k, m) £ i < N.(48)

Thus, by Eqs. (46) and (48), the claim holds for k = m + s.  That is, during stage D, Eqs. (39)
and (40) hold after step k, where m + 2 £ k £ t - 1.  Therefore, after step t - 1 and before
stage E, we have

c(2i + 1) = 0:(2i + 1), for 0 £ i < G(t - 1, m); (49)
c(2i + 1) = 2(i - Fm+1 - (t - m - 2)Fm-1 + 1):(2i + 1), for G(t - 1, m) £ i < N. (50)

Now, consider the effect of executing stage E.  The N - G(t - 1, m) values in Eq. (49),

c(2i + 1) = 0:(2i + 1),
                      for G(t - 1, m) - Fm+1 - (t - m - 2)Fm-1 £ i < N - Fm+1 - (t - m - 2)Fm-1.

can be rewritten as

c(2(i + G(t - 1, m) - Fm+1 - (t - m - 2)Fm-1) + 1)
= 0:(2(i + G(t - 1, m) - Fm+1 - (t - m - 2)Fm-1) + 1), for 0 £ i < N - G(t - 1, m). (51)

In addition, Eq. (50) is equivalent to

c(2(i + G(t - 1, m)) + 1)
= 2(i + G(t - 1, m) - Fm+1 - (t - m - 2)Fm-1 + 1):(2(i + G(t - 1, m)) + 1),

for 0 £ i < N - G(t - 1, m). (52)

Using Eqs. (51) and (52) in performing

c(2(i + G(t - 1, m)) + 1) :=o c(2(i + G(t - 1, m) - Fm+1 - (t - m - 2)Fm-1) + 1),
for 0 £ i < N - G(t - 1, m),

during stage E, we get

c(2(i + G(t - 1, m)) + 1) = 0:(2(i + G(t - 1, m)) + 1), for 0 £ i < N - G(t - 1, m).

The above equation is equivalent to

c(2i + 1) = 0:(2i + 1), for G(t - 1, m) £ i < N.

Combining the above equation and Eq. (49), we have
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c(2i + 1) = 0:(2i + 1), for 0 £ i < N,

before executing stage F.

(ii) Second, consider the case where m ≥ 3 and Lm-1 ≥ N > 2Fm, in which only stage D is
skipped.  In this case, Algorithm CL performs the same operations as LL does in step 1
through stage C.  Thus, after stage C, we have Eqs. (18) and (19), which are copied here
for convenience:

c(2i + 1) = 0:(2i + 1), for 0 £ i < 2Fm; (53)
c(2i + 1) = 2(i - Fm+1 + 1):(2i + 1), for 2Fm £ i < N. (54)

Eq. (53) is equivalent to

c(2(i - Fm+1) + 1) = 0:(2(i - Fm+1) + 1), for Fm+1 £ i < Lm-1. (55)

Note that stage E is executed in step t = m + 2.  Thus, using Eq. (54) and the N - 2Fm values
in Eq. (55),

c(2(i - Fm+1) + 1) = 0:(2(i - Fm+1) + 1), for 2Fm £ i < N,

to perform

c(2(i + 2Fm) + 1) :=o c(2(i + 2Fm - Fm+1) + 1), for 0 £ i < N - 2Fm,

or equivalently,

c(2i + 1) :=o c(2(i - Fm+1) + 1), for 2Fm £ i < N,

in stage E, we obtain

c(2i + 1) = 0:(2i + 1), for 2Fm £ i < N.

Combining the above equation and Eq. (53), we have

c(2i + 1) = 0:(2i + 1), for 0 £ i < N. (56)

(iii) Third, consider the case where m ≥ 3 and 2Fm ≥ N > Fm, in which stages D and E are
skipped.  In proving Lemma 1, we have shown that after stage C, Eq. (18) holds.  Since
2Fm ≥ N, following the same approach used in proving Lemma 1, we can have Eq. (56)
after stage C as well as just before executing stage F.

(iv) Consider the case where m ≥ 3 and Fm ≥ N, in which stages C, D, and E are skipped.  In
the proof of Lemma 1, we have shown that if m is even (respectively odd) and k is even
(respectively odd), then after step k in stage B, we can obtain

c(2i + 1) = 0:(2i + 1), for 0 £ i < Fk.
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Now, after executing stage B and before stage F, we have Fk ≥ N; therefore, following the
same approach used in proving Lemma 1, we can obtain Eq. (56) before executing stage F.

(v)  Finally, consider the case where m = 2, in which only stage B is not executed.  Since N
> 4  = L1, we have N > Lm-1, which also holds in case (i) of this proof.  We have seen in
the proof of Lemma 1 that regardless of the value of m, after stage C, we have Eqs. (18),
(19), (20), and (21), which are also used in case (i) of this proof.  Therefore, as in  case
(i), after executing stage E and before stage F, we have Eq. (56).                    Q.E.D.
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