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Givenn valuesv(0), v(1),...,v(n— 1) and an associative binary operation, denoted by
0, the prefix computation problem, or simply the prefix problem, is to computepte
fixesv(0) ov(1) o0 ... ov(i), 0<i<n-1. We are interested in performing prefix computation
on message-passing completely connected multicomputers with the weakest communica-
tion capability in as few communication steps as possible. An efficient algorithm is pre-
sented to solve the prefix problem on a systemprbcessors. To explore the possibility of
obtaining a faster algorithm, a class of algorithms is then presented. It is shown that the
algorithm in this class requiring the fewest communication steps is equivalent to the first
algorithm presented.

Keywords:completely connected multicomputers, message-passing, parallel algorithms,
prefix computation, send-or-receive

1. INTRODUCTION

Givenn valuesv(0), v(1),...,v(n — 1) and an associative binary operation, denoted by
0, the prefix computation problem, or simply the prefix problem, is to computepfres
fixesv(0) ov(1) o ... ov(i), 0<i<n-1. Prefix computation has been extensively studied
due to its numerous applications [1-8]; for example, it is used in loop parallelization, the
evaluation of polynomials, and the solution of linear recurrences. Because of its importance,
prefix computation has been considered to be a primitive operation [9]. Indeed, many
parallel prefix algorithms have been proposed [2, 5, 6, 10-12], and many prefix circuits
have also been designed and studied [6, 12-18]. This paper presents algorithms that solve
the prefix problem on a message-passing completely connected multicomputer. Each pro-
cessing element (PE) in the multicomputer can only perform a send or receive operation
with another PE in a communication step. This send-or-receive model of communication is
the most important one of the four communication models presented in [19]. Because it is
the weakest communication model on a completely connected multicomputer, the upper
bounds of this model apply to other communication models, and the lower bounds of this
model are the upper bounds for the lower bounds of other models. Algorithms developed
for this model are suited to implementation on some leading-edge message-passing
multicomputers, such as the SP2 [20], nCUBE 2 [21], CM-5 [22], and Paragon [23], and to
implementation in environments, such as Express [24], Zipcode [25], and PICL [26]. Al-
though a PE of a modern message-passing parallel computer can send a message to a di-
rectly connected PE and, in the same step, receive a message from the other directly con-
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nected PE, it usually takes longer to send and receive in a single step than to send only or
receive only due to the inherent hardware capability and software overhead [27-29]. For
example, on the SP2, the unidirectional data rate can be as high as 35.5 MB/sec; however,
when data are transferred in both directions, the rate in either direction can reach only 24.1
MB/sec [29]. As another example, the unidirectional bandwidth on transputers is 1.8 MB/
sec; however, the bandwidth in either direction is only 1.2 MB/sec when data are trans-
ferred in both directions [27]. On the other hand, while the SP2 can be programmed as a
completely connected computer, the multistage interconnection may cause it to take longer
to pass more messages in a single communication step [30]. rePEasystem, the send-
or-receive model ensures that no more th@f2messages are communicated in a single
communication step; thus, one communication step will not take too much time.

The completely connected model has some advantages in algorithm development
[31]. First, this model is flexible because no specific PE interconnection is assumed,; for
example, algorithms may be portable between computers that can dynamically allocate PEs
and that can tolerate PE faults. In addition, because when designing algorithms for the
completely connected model we do not consider tedious details related to message routing,
insight can be gained into developing algorithms on computers with a particular intercon-
nection among PEs. Third, if the communication requirement of an algorithm run on the
completely connected model can be efficiently mapped to another target model, then that
algorithm can be transformed into a new one for the target model.

In this paper, we are interested in prefix computation on send-or-receive completely
connected multicomputers in as few communication steps as possible. Section 2 presents
an efficient algorithm for solving the prefix problem on a systemRiEs in[144 log, n[]
or [144 log, n[1 communication steps. To explore the possibility of obtaining a faster
algorithm, section 3 gives a class of algorithms for the prefix problem also on a system of
n PEs. The algorithm that requires the fewest communication steps is shown to be equiva-
lent to the one presented in section 2. Section 4 gives related research. Section 5 concludes
this paper.

2. AN ALGORITHM

This section presents a parallel algorithm that solves the prefix problem on a system
of n PEs. Then PEs are numbered 0 throughk 1. Each PE, 0<i <n, has a memory
location,\(i), which stores its initial value and a locatiofi), which keeps its final result as
well as temporary values. No other memory locations are needed. To simplify the
presentationx:y is used to represent the result of computipxd o v(x+1) o ... ov(y), where
x<y. PE 0 initially contains the reswf{0); for other PEs, we want to obtaift) = 0i. We
will use the Fibonacci sequence definedy 0,F, = 1, and~., = Fy.y + F fork> 0. For
ease of presentation, the communication operation “transfer the val(igfadm PEi to
PE j” will be abbreviated to “transfex(i) to PEj”. Further, we will use the operation(])
:=o0c(i)" as a shortened form ot(j) :=c(i) oc(j) in PEj”, i.e., assigning(j) in PEj with the
result of performing(i) o c(j). More definitions used throughout this paper for ease of
presentation are as follows:
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N=m/23g
Ly = Fus + Frag;
g‘” x-y=-2 . ifx=y,
G(X! y) = Fy + ZO( Fy+l + JFy—l)’ |f X > y,
D, : otherwise;
p=(01+5)/2;
¢ =(1-5)/2

Algorithm LL( n). An>10%*

Stage A:
Step 0:Every PE compute®s = min{i | L; > N} or looks it up from a precomputed table.

Note thatl,,> N > L.

Step 1:For alli, 0<i <N, transferv(2i) from PE 2 to PE (2 + 1), and then compute
c(2i +1):=v(2i) ov(2i +1)in PE (2+ 1).

Step 2:For alli, 0<i <N-1, transferc(2i + 1) to PE 2 and then perform(2i) := c(2i

+1)in PE2

Stage B:Stepk (3< k< m).
Case (a):mis even.
If kis odd, for each, 0<i <N-F,,
(1) transferc(2i + 1) to PE Z(+ Fy.,),
(2) performc(2(i + Fy,)) :=oc(2i + 1).
If kis even, for each 0<i <N-F,_,
(1) transferc(2i) to PE (2( + Fy,) + 1),
(2) performe(2(i + F,) + 1) :=oc(2i).
Case (b):mis odd.
If kis odd, for each 0<i <N - Fy,,
(1) transferc(2i) to PE (2( + Fy») + 1),
(2) performe(2(i + F,) + 1) :=oc(2i).
If kis even, for each 0<i <N-F,,
(1) transferc(2i + 1) to PE Z(+ Fy,),
(2) performc(2(i + Fy,)) :=oc(2i + 1).

Stage C: Stepm + 1.
For each, 0<i <F,
(1) transferc(2i + 1) to PE (24(+ F,,) + 1),
(2) performc(2(i + F,,) + 1) :=oc(2i + 1).
For each, 0<i <N-2F,,
(1) transferc(2(i + F.y)) to PE (2( + 2F,,) + 1),
(2) performc(2(i + 2F,) + 1) :=oc(2(i + Fy)).

Stage D: Stepm + 2.
For each, 0<i <F,.1,
(1) transferc(2(i + Fr,2) + 1) to PE (3(+ 2F,) + 1),
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(2) performe(2(i + 2F,) + 1) :=0c(2(i + Frn0) + 1).
For each, 0<i <N-2Fm-F,,.,,

(1) transfec(2(i + 2F,,)) to PE (2(+ 2F,, + Fyy) + 1),

(2) performe(2(i + 2F, + Frney) + 1) :=0c(2(i + 2F)).

Stage E: Stepm + 3.
For each, 0<i <N=-2F,— Fpuy,
(1) transferc(2(i + 2F, — Fry) + 1) to PE (A(+ 2F, + Frey) + 1),
(2) performe(2(i + 2y + Fru) + 1) :=00(2(i + 2F — Fyna) + 1).

Stage F:Stepm + 4.
If nis even (respectively, odd) for eacl®d<i <N - 1 (respectively, & i <N),
transferc(2i + 1) to PE (2+ 2), and then comput2i + 2) :=c(2i + 1) ov(2i + 2)
in PE (2 + 2).

As an example, Fig. 1 helps explain how and when the final results are generated for
n =16 and, thereforéy = 8 andn= 3. Every vertical line represents a PE whose identifi-
cation number is above the line. An oblique line drawn betweeraRéeE PE with a dot at
the lower end on PErepresents a data transfer fromiR&PEj. The symboky shown on
the right side of the dot denotes a final or intermediate result obtained in the same step as the
data transfer. For example, PE 3 produces 2:3 and 0:3 in steps 1 and 3, respectively.

PE
0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

——)
[t

NN N N NN

Fig. 1. Execution of LL(16).
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Let us briefly point out some characteristics of the above algorithm to gain more
insight. After stage Ag(2i) =c(2i + 1) = 2:(2i + 1) for 0<i <N-2, andc(2N—-1) = (N
—2):(2N - 1). During stage B, the algorithm executes 2 steps. Im> 3 andmis even
(respectively, odd), then in stepc8i) values in the firsN — F; odd-numbered (respectively,
the firstN — F; even-numbered) PEs are transferred to even-numbered (respectively, odd-
numbered) PEs. Then, in stegd) values in the firsh — F, even-numbered (respectively,
the firstN — F, odd-numbered) PEs are transferred to odd-numbered (respectively, even-
numbered) PEs, and so on, until step
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In stepan+ 1 andm + 2, while a portion of the even-numbered PEs transfer their values
to odd-numbered PEs, respectively, a portion of the odd-numbered PEs also trangfer their
(i) values to other odd-numbered PEs, respectively. Imstef, only odd-numbered PEs
transfer their values to other odd-numbered PEs, respectively. Aftenste) all odd-
numbered PEs obtain their respective final results. ThegRist 1) = 0:(2 + 1) for 0<i <N.

Then, in the last step, eag(2i + 1), where &i <Nand 2+ 1 <n-1, is transferred to PEi(2
+ 2) so that the receiver PE can compute the final resuilt0ZR

Lemma 1. After executing stage E of Algorithm LE(2i + 1) = 0:(2 + 1) for 0O<i <N; that
is, odd-numbered PEs contain their respective final results.

Proof: Because the proof is very lengthy, it is given in Appendix A.

Theorem 1. Algorithm LL solves the prefix problem ifiog, n[]= [1.44 log, n[jor
[log, n[}+1 communication steps.

Proof: From Lemma 1, after step+ 3, all odd-numbered PEs obtain their respective final
results. Then, after step+ 4, all even-numbered PEs also contain their respective final
results. That is, onlgn + 4 communication steps are needed to compute all the prefixes.
Letg=m+ 2; thenl =l =g, wherel, = Fq.q + Fq is the Lucas number [32].
Using the closed forrh = ¢% + ¢ and the conditiof.,, > N > L,,;, we have
¢ +pt2m/20> ¢+
Thus,
P +¢=>(n-1)/2andn/2> "+,
@' =(n-2¢%-1)/2and (n-2¢9")/ 2> @™,
g=log,((n-2¢%-1)/2) andlog,((n-2¢°™")/2)>q-1,
q+22log,((n-2¢%-1)/2)+2 and Iogw((n—2¢q'1)/2) +3>q+2
log,((n—2¢%-1)/(2n)) +log,n+2<q+2< Iogw((n—2¢q'1)/(2n)) +log,n+3.

Becausen > 10, orN> 5, andL,,= N > L., ;, we havan > 2; thus,g> 4. Therefore,¢ 9| <
0.2 and ¢ +Y < 0.3. In addition, it is assumed tinat 10; therefore,

log,(0.5—-(0.4+1)/20)+log,n+2<q+2<log,(0.5+0.3/10)+log,n+3.
Because

log,(0.5-(0.4+1)/20) > -2 and log,(0.5+0.3/10) < -1,
we thus have

log,n<qg+2<log,n+2,
[og, N[k q+2< [log, n[}+1, QED.
[log, N[ m+4<[log, n[J+1



46 YEN-CHUN LIN AND C. M. LIN

3. A CLASS OF ALGORITHMS

Recall that in Algorithm LL, odd-numbered PEs start to send values to other odd-
numbered PEs in step+ 1, wheran=min{i |L; > N}. A question arises naturally: Can we
change the value oh and still have an algorithm for prefix computation? If we can, is
there a better algorithm than LL in the sense that it takes fewer communication steps? This
section presents a class of parallel prefix algorithms in which the valmeah be any
integer greater than 1. However, we shall show that no algorithms are better than LL.

Algorithm CL(n, m). /*n>10 andn> 2 */

Stage A:
Step 0:Every PE computes= min{i | G(i, m) > N} or looks it up from a precomputed
table. Note thaG(t, M) > N> G(t- 1, m).
Step 1:For alli, 0<i <N, transfen(2i) from PE 2 to PE (2 + 1), and then compute
c(2i + 1) :=v(2i)) ov(2i + 1) in PE (2+ 1).
Step 2 For alli, 0<i <N -1, transfec(2i + 1) to PE 2 and then perform(2i) := c(2i
+1)in PE 2

Stage B:Stepk (3<k<m).
Case (a):mis even.
If kis odd, for each O<i <N-F,,
(1) transferc(2i + 1) to PE 2(+ Fy,),
(2) performc(2(i + Fy_»)) :=oc(2i + 1).
If kis even, for each 0<i <N-F,_,
(1) transferc(2i) to PE (2( + F,,) + 1),
(2) performe(2(i + Fy_,) + 1) :=0c(2i),
(3) if F= N, go to stage F.
Case (b):mis odd.
If kis odd, for each, 0<i <N-F,,,
(1) transferc(2i) to PE (2( + F,,) + 1),
(2) performe(2(i + Fy_,) + 1) :=0c(2i),
(3) if Fy= N, go to stagé-.
If kis even, for each 0<i <N - Fy,
(1) transferc(2i + 1) to PE 2(+ Fy,),
(2) performc(2(i + Fy_»)) :=oc(2i + 1).

Stage C:Stepm + 1.
For each, 0<i <F,
(1) transferc(2i + 1) to PE (4(+ F,) + 1),
(2) performe(2(i + F,,) + 1) :=oc(2i + 1).
For each, 0<i <N - 2F,,
(1) transferc(2(i + F)) to PE (2( + 2F,,) + 1),
(2) performe(2(i + 2F,) + 1) :=oc(2(i + Fy)).-
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Stage D:Stepk (m+ 2<k<t-1).
For each, 0<i <F .+ (K—m-2)F,,,
(1) transferc(2(i + G(k—1,m) — Fpy — (k—m—2)F,4) + 1) to
PE (2A(+ G(k—-1,m)) + 1),
(2) performc(2(i +G(k—1,m)) + 1)
=oc(2(i + G(k—1,m) — Fy — (K—m—2)F4) + 1).
For each, 0<i <N - G(k, m),
(1) transferc(2(i + G(k— 1, m))) to PE (2( + G(k, m)) + 1),
(2) performc(2(i + G(k, m)) + 1) :=oc(2(i + G(k— 1, m))).

Stage E:If t <m+ 2, go to stagE; otherwise,
for eachi, 0<i <N-G(t-1,m),
(1) transferc(2(i +G(t—1,m) — Fpy— (t—m-2)F,4) + 1) to
PE (2(+ G(t— 1, m)) + 1),
(2) performe(2(i + G(t—1,m)) + 1)
=oc(2(i + G(t—1,m) — Fpy— (t—m—2)F,4) + 1).

Stage F:If nis even (respectively, odd), for ea¢cld<i <N -1 (respectively, & i <N),
transferc(2i + 1) to PE (R+ 2), and then comput2i + 2) :=c(2i + 1) ov(2i + 2) in
PE (2 + 2).

Note that Algorithm CL shares the following with LL: steps 1 and 2, stages C and F.
In addition, if CL does not jump from stage B to stage F, then CL and LL also pass identical
messages between the same pairs of PEs and perform identical o operations and assign-
ments in the same PEs in stage B.

Let us examine the possible executions of CL wharl0 andm> 2. Whemm = 2,
except for stage B, all stages will be executed. WherB, stage B will be executed, but
other stages may be skipped, as presented in the followitg, >IN, the execution will
jump from stage B to stage F, skipping stages C, D, and E,, ¥ B >F,, orG(m+ 1,m)
>N > G(m, m), thent=m+ 1; thus, stages D and E will be skipped..lf > N> 2F_ or 2=,
+ Fa =G(m+ 2,m) >N >G(m+ 1,m), thent =m+ 2; thus, only stage D will be skipped. If
N> L., thent >m+ 3; thus, no stage will be skipped. Note that when CL uses the same
mvalue as LL does, satisfying,> N> L., ,, CL is equivalent to LL in the sense that they
pass identical messages between the same pairs of PEs and perform identical operations
and assignments in the same PEs in each step except step 0.

Lemma 2. Before executing stage F of Algorithm CL, we ha(@ + 1) = 0:(2 + 1) for O
<i <N; that is, odd-numbered PEs contain their respective final results.

Proof: Because the proof is very lengthy, it is given in Appendix B.
Theorem 2. Consider solving the prefix problem with Algorithm CL.Nf> F,,, it takes

t + 1 communication steps, whe@&t, m) >N > G(t - 1, m). If F,> N, it takesj + 1
communication steps, whefe> N > F;_;, andj is even if and only imis even.
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Proof: From Lemma 2 and Algorithm CL, all even-numbered PEs obtain their final results one
step later than all odd-numbered PEN ¥ 2, then, as already notddz m+ 2, and from
Lemma 2, whether stage D is skipped or not, all odd-numbered PEs obtain their respective
final results after stage E, or stepThus, it take$ + 1 communication steps to solve the
prefix problem. If ,>N>F,, after stepn+ 1 =t, or stage C, and before stage F, all odd-
numbered PEs contain their respective final results; therefore, it also take®mmunica-

tion steps to solve the prefix problem.

If F,> N andmis even (respectively, odd), it tajesommunication steps to execute
stages A and B for all odd-numbered PEs to obtain their respective final resultsj ishere
also even (respectively, odd) afd> N > F;_,. This implies that wheR; >N >F_,, it also
takeg communication steps for all odd-numbered PEs to obtain their respective final results.
Therefore, it takeg+ 1 communication steps to solve the prefix problem. Q.E.D.

To better understand the effect of the relationship betwesrdm on the number of
communication steps needed to solve the prefix problem, Table 1 lists the rangas of
which Algorithm CL can manage to solve the prefix problem in 4 through 10 communica-
tion steps for three possible relationshipsl@hdm. For example, whelR,,> N >F,,; and
12<n< 17, it takes 7 communication steps. Note that although we do not expect to solve
the prefix problem with Algorithm CL whem< 10, CL is actually applicable when<n
<9and F,>N>F,,. Table 1 shows that, for a fixed valuenaf 10, Algorithm CL with
L,>N>L,,, takes no more communication steps than it does with the other two relationships.
In fact, we shall now prove that CL takes the fewest steps iyhemN > L, ;.

Table 1. Ranges oh that Algorithm CL can manage in solving the prefix problem in
4 to 10 communication steps for three different relationships afi and m.

Number of steps Fn=>N>F, 2F.>N>F, Ln= N>L

4 4-5 4-5 N/A

5 6-7 6-9 N/A

6 8-11 10-13 10-15
7 12-17 14-21 16-23
8 18-27 22-33 24-37
9 28-43 34-53 38-59
10 44-69 54-85 60-95

Theorem 3. Algorithm CL takes the fewest steps whgn> N > L, ;.

Proof: Suppose}_rrb >N> L,,b,1 andm, > 2; thus,
2F, *2F atF a2 N>2F  +2F +F .
1 i 0 )
2Fmo + iZO(FmOJfl + JFmO—l) 2 N > 2Frr0 + jZo(Fmoﬂ' + JFn‘O—l):

G(my +3, my) = N >G(m, +2, my).
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Letty=my + 3. From Theorem 2, Ch(my) takest, + 1 communication steps. We shall
consider three cases.
(i) If N>F, mo>m 22, andG(ty, m)) =N > G(t; - 1, my), then from Theorem 2, Ch(
my) takest; + 1 communication steps. We need to showtttsat;.
FromG(t;, my) = N andN > G(m, + 2,mp) = G(t, — 1, mp), we have
G(ts, my) > G(to — 1, my).

Letmy=m, +i, wherei > 1; then,
G(ty, mp—i) > G(to — 1, my);

that is,

ty-mp+i-2

ZFmo—i + Z( |+1 mo—i—l)>2FmO +Fmo+l
We shall now show that the above inequality does not hold tylkem, +i + 2, thereby,
obtainingt; >m; +i + 3 =my + 3 =t;. We will prove this by induction oin The claim can
be checked for= 1. Assume that the claim holds foerk. Thus, wher, =m, +k + 2,

k

2Fmo—k + Z (Fmo—k+1 + ijo—k—l) = ZFmO + I:mo+1

i=0

Wheni =k+ 1,my=m, +k + 1 andt; <m, +k + 3, and we have

tp—mp+k-1
2Fnb—k—1+ Z( mo k- 2)
SZF + Z( mg —k- 2)

=2F at (k+2)F, mg-k T jgoijo_k_z

k+1

= 2+ Ky + 2Py s * 3 1Py

mp—k

k+1
= 2Fmo—k +(k +1)Fmo—k+l - Fmg—k —(k-1) Fmo—k—l + ZOJFmO—k—z
i=

k+1'
=2F ot (K+DF, o —(K+DF o — KR gt _ZOJFmO—k—z
=

k .
= 2+ (K DFy o =K ca * 3 1Py ica

k .
<2F, -« F(K+DF r + _zoJFm_k_l
J:

k

= 2F,m_k + j;)(Fnb_k+l + ijo—k—l)'
Consequently,
ty—mp +k-1
2Froa * ZO(Fmo—k + R -k2) <2F, +Fy

That is, the claim holds when=k + 1. Therefore, we have proved that t,.
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(i) If N> Fp, my>my, andG(t,, my) = N> G(t, - 1,my), then from Theorem 2, Cih(m,) takes
t, + 1 communication steps. We need to showthat,.
FromN >F,, andG(t;, m;) =N, we haveG(t;, mp) > Fr,. If t; = m, thenG(t,, my) =
Fm,. Thust, 2m, + 1 must hold foG(t;, my) > Fy,, to hold.
If t,=m, + 1, fromG(t,, m;) =N andN > G(t, — 1, my), we have

G(tz, mp) > G(to — 1, my),

2Fm2 > Z:mo + Fm0+1,

2Fm2 > Fmo + Frrb+2 > 2F
thus,

m>m,+ 1,

m+12>m+ 3,

L, 2t

mo+1;

If t,=m, +i,i > 2, then from the assumption thmt > m,, we gett, >my+i +1 >t,.
(iii) If Fyg =N, from Theorem 2, Clr( m) takes + 1 communication steps wheép = N
> F;4, andj is even if and only imis even. We need to show thatt, Because

F, =NandN>L

mo—ly
we have
Fj > I:m0+2 + I:mo > Fm0+21
j>mp+ 2,
j2m+ 3 =t Q.E.D.

Corollary 1. Algorithm LL takes no more communication steps than does Algorithm CL.

4. RELATED RESEARCH

Parallel prefix algorithms on a message-passing completely connected multicomputer
may be derived from parallel prefix circuits and from prefix algorithms on the parallel
random-access machine (PRAM) model. A parallel prefix circuit with fan-out 2 denoted
by L(n) has been presented, and it can be mapped to a prefix algorithm regHiomgn[3-

1 or 2[log, n[] communication steps on a send-or-receive completely connected
multicomputer [15, 33].L(n) is depth-size optimal, meaning that its depth plus its size
equals the lower bounch2- 2, and the corresponding algorithmLgh) is optimal in the

sense that the number of communication steps plus the total number of messages equals 2
- 2.

The lower bound of the time complexity of prefix computation for all PRAMs is
Q(log n). A well-known time-optimal prefix algorithm on a concurrent-read exclusive-
write (CREW) PRAM withn/2 PEs [1, 34] can be mapped to a prefix algorithm on a send-
or-receive completely connected multicomputer witPEs. The latter algorithm requires
2[log, n[jcommunication steps. Clearly, Algorithm LL takes fewer communication steps
than do the other two algorithms on the same model.
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The prefix sums problem is a special case of the prefix problem: the associative binary
operation is the arithmetic addition. The fast algorithm used to solve the prefix sums problem
on a concurrent-read concurrent-write (CRCW) PRAM as presented in [2] does not work for
the more general prefix problem. When thiaitial values are O(log)-bit numbers, the
algorithm takes O(log / log logn) time usingn log logn/log n PEs.

On an exclusive-read exclusive-write (EREW) PRAM, Ladner and Fischer solved
the prefix problem ir®(log n) time using®(n/log n) PEs [12]. On a concurrent-read
exclusive-write (CREW) PRAM witlp < n PEs, prefix computation tak€xn/p + log p)
time, which is time-optimal and cost-optimal whes 6(n/log n) [34].

On thek-port (k = 1) communication model of a completely connected message-
passing machine, each PE can skxgstinct messages toPEs and receivie messages
from k PEs in one communication step. On such a machinenviitas, it needs at least
fog,., N[Jcommunication steps to solve the prefix problem [35].

The gossip operation is used to send a value in each PE to all the other PEsk- On the
port model, it takes at leadpg, ., N[Jcommunication steps to perform the gossip operation
[31]. Thus, the prefix operation and gossip operation have the same lower bound for com-
munication complexity. In addition, the gossip operation needs at least
[log, n[F (344 log, n(jcommunication steps on the send-or-receive model [19]. Therefore,

we conjecture thaflog, n[] is also a communication lower bound for the prefix problem.
Entringer and Slater have presented an algorithm for the gossip operation-B& &end-

or-receive machine ififog,, n[]+ 4 communication steps [19, 36].

5. CONCLUSIONS

We are interested in solving the prefix problem in as few communication steps as
possible on message-passing completely connected multicomputers with only send-or-re-
ceive communication requirement. The lower bound on the communication complexity for
the prefix problem on a systemrPEs is conjectured to Béog,, n[Jcommunication steps.

Our Algorithm LL solves the prefix problem on a system BEs in [log,, n[pr [log,, n[j 1

communication steps. To find a faster algorithm, we have designed a class of algorithms CL.
The algorithm that requires the fewest communication steps in CL is equivalent to LL. This
not only implies that there may not be any algorithm requiring fewer communication steps,
but also increases our confidence that at Igisf, n[]communication steps are required.

As a final remark, we note that LL can be modified to solve the prefix problem by using
only p PEs, where 18 p <n. For simplicity, assume thgt=n/p is an integer, and that RE
initially containsv(iq), v(iq + 1),....v((i + 1)g— 1), for that &<i <p. We can obtaix(j) = 0j, for
0<j<n. The reader is referred to [10] for a description of the modified algorithm. The
algorithm require®(n/p + logp) computation time an@(log p) communication time. b=
Q(n/log n), thenn/p = O(logn). In addition, logp = O(logn); thus, the execution time &

(n/p + logp) = O(logn), which is optimal. On the other handpif O(vlog n), thenn/p =
Q(log n) = Q(log p); thus, the time complexi®(n/p + logp) = ©(n/p), and the algorithm
achieves linear speedup and is cost-optimal. Therefore, pvh@{n/log n), the algorithm
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is time-optimal and cost-optimal. It should be noted that whef(p log p), we haven/p
=Q(log p), ©(n/p + logp) = ©(n/p); thus, the algorithm also achieves linear speedup and is
cost-optimal.

APPENDIX A

Proof of Lemma 1:Becaus@&> 10, orN>5, and_,> N >L.,;, we havan> 2. Note that stage
B is executed for at least one step only when3. Therefore, we must consider both the
situation where stage B is executed and that where stage B is skipped.

(i) First, we will show that during casae)(of stage Bifis even), after stek if k is odd,
then

c(2i) = 0:(2 + 1), for 0<i <Fy;
c(2i) = 24 — Fe+ 1):(3 + 1) forF<i <N-Fy..

Otherwise, ifk is even,

c(2i+ 1) =0:(2 + 1), for 0<i <Fy;
c(2i +1)=2:{—-F+1):(2 +1), forF.<i <N.

We shall prove by induction da
The claim can be checked for 3, 4. Specifically, after stdp= 3,

c(2i)) =0:(4 + 1), for 0<i < 2;
c2)= (2 -2):(2 + 1), for 2<i<N-1.

After stepk = 4,

c(2i + 1) =0:(2 + 1), for 0<i < 3;
c2i +1)=2(-2):(2 + 1), for 3<i <N.

Assume the claim holds fé&r< s <m; we can show that it also holds for s+ 1.
Case (1):sis even.
By the induction hypothesis, after steg s— 1, we have

c(2i)) =0:(4 + 1), for 0<i <Fgy; (1)
c(2i))=2( - Fs, + 1):(4 + 1), forFe .1 <i <N-Fg,. (2)

In addition, after steg =s, we have

c(2i + 1) = 0:(2 + 1), for 0<i < Fs; ©)
(2 +1) = 2(- Fo+ 1):(2 + 1), forFo<i <N. @)

In fact, Eq. (2) is equivalent to

(20 + Fou)) = 24 + 1):2 + Fou) + 1, for 0<i <N-F, (5)
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In steps+ 1, the firsN— F,; values in Eqgs. (3) and (4) are involved in operations; thus,
instead of using Egs. (3) and (4), we will use Eq. (3) and

(2 + 1) = 2( - Fo+ 1):(2 + 1), forFs<i <N- Fa,. (6)

Therefore, we use Eqs. (3), (6), and (5) in performing

c(2(i + Fsy) :=0c(2i + 1), for 0<i <N - Fgy,
to obtain
c(2(i + Fsy) =0:(2¢ + Fsp) + 1), for 0<i <F;

Cc(2(i +Fs) =20 — Fs+ 1):(2¢ + Fsy) + 1), forF<i <N-Fg,.
The above two equations are, respectively, equivalent to

c(2i) = 0:(2 + 1), forFe, <i<Fgy; (7
c(2i) = 2( — Fery + 1):(4 + 1), forFg, <i<N-F. (8)

Combining Egs. (1) and (7), we get

c(2i) = 0:(2 + 1), for 0O<i < Fg1. (9)
Thus, by Egs. (9) and (8), the claim holdsKers + 1.

Case (2):sis odd.

By the induction hypothesis, after steg s— 1, we have

c(2i +1) =0:(2 + 1), for 0O<i < Fgy; (20)
c(2i +1) =2(—Fsy + 1):(2 + 1), forFsy <i <N. (11)

In addition, after steg =s, we have

c(2i)) =0:(4 + 1), for 0<i <F; (12)
c(2) =2(1—-Fs+ 1):(2 + 1), forFs<i<N-Fg,. (13)

Eqg. (11) is equivalent to
c(2( +Fgqy) +1) =2(+ 1):2( +Fsy) + 1, for 0<i <N-Fg;. (14)

In steps+ 1, theN — F¢; values in Egs. (12) and (13) are involved in operations; thus,
we use Egs. (12), (13), and (14) in performing

c(2(i +Fsy) + 1) := oc(2i), for0<i <N-Fgy,
to obtain

c(2(i +Fsy) +1) =0:2[{ + Fg) + 1, for 0<i <F;
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c(2(i +Fsq) +1)=2(—Fs+ 1):2f +Fsy) + 1, forFs<i <N-Fg;.
The above two equations are, respectively, equivalent to

c(2i +1) =0:(2 + 1), forFs; <i <Fgy; (15)
c(2i +1)=2(—Fg; + 1):(4 + 1), forFgs, <i<N. (16)

Combining Egs. (10) and (15), we get

c(2i +1) =0:(2 + 1), for 0<i <Fg. a7)
Thus, by Egs. (17) and (16), the claim holdskfers + 1.
(ii) Next, we will prove that for casé) of stage Bifis odd), after stek, if kis even, then

c(2i) = 0:(2 + 1), for 0<i <Fy
C(2|) = 2(i - Fk + 1)(2 + 1), fOI’FkS i <N- Fk—l-

Otherwise, ifk is odd,

c(2i +1)=0:(2+1), for 0<i <Fy
c(2i +1) =2(—F¢+ 1):(4 + 1), forFy<i <N.

If m= 3, the claim can be easily checkedKar 3. Ifm=> 5, the proof is carried out by
induction onk and is almost the same as that for (i) above. The major difference is in the
details of the basis part or in checkingfar 3, 4. Specifically, after stdp= 3,

c(2i+1)=0:(2+12), for0<i < 2;
c(2i +1)=(2-2):(2 + 1), for 2<i <N.

After stepk = 4,

c(2i) = 0:(2 + 1), for 0<i < 3;

c(2)=2(1-2):(2 + 1), for 3<i <N-2.

The induction part is exactly the same as that in (i) above, except that the two words
“odd” and “even” should be interchanged. Specifically, now, case (1) is fag; add case
(2) is for evers.
(iii) Then, we can show that after stage C, or after stepl,

c(2i +1) =0:(2 + 1), for 0<i < 2F; (18)
c2 +1)=2(—Fpn +1):(4 + 1), for F,<i<N. (19)

If m=2, that is, stage B is not executed, then after stage A and before stage C, we have

c(2) =0:(2 + 1), for 0<i <F,.y; (20)
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c(2)=2(—-Fny+1):(2 +1), forF 1 <i<N-F,»
and

c(2i +1) =0:(2 + 1), for 0O<i < Fp;

c(2i + 1) =(2(- Fn+1)):(2 + 1), forF,<i<N.
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(22)
(23)

If m> 3, that is, stage B is executed, from the above proof, aftemstep, we also have
Egs. (20) and (21) whetharis even or odd. In addition, after stepwe have Egs. (22)

and (23) whethemis even or odd. Eq. (23) is equivalent to
c2( +F) + 1) =2(+1):(2( + Fy) + 1), for 0<i <N-F.
It can be partitioned into two portions:

c(2(i +Fy) + 1) =2(+1):(2( +Fy) + 1), for 0<i <F,;
c(2(i +Fy) + 1) =2(+1):(2( +Fy) + 1), forFn<i<N-F.

Using Egs. (22) and (24) in performing

c(2(i + F,) + 1) :=oc(2i + 1), for 0<i <F,,
in stage C, we have

c(i+Fy)+1)=0:2(+F,) +1), for 0<i < F,.
The above equation is equivalent to

c(2i +1) =0:(2 + 1), forF, <i < 2F,

Combining the above equation and Eqg. (22), we have Eq. (18).
TheN - 2F,, values in Eq. (21),

c(2)=2(—-Fpny+1):(4 + 1), forF,<i <N-F,,
can be expressed as

c(2(i +Fy) =20 +Fpno + 1):(2( +Fy) + 1), for 0<i <N-2F,.
Also note that Eq. (25) is equivalent to

c(2( + 2F,) +1) =2(+F,+ 1):(2¢ + 2F,) + 1), for 0<i <N-2F,.
Therefore, we use Eqs. (26) and (27) in performing

c(2(i + 2F,) + 1) :=oc(2(i +F.)), for 0<i <N-2F,,

(24)
(25)

(26)

(27)
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in stage C to obtain

c2(i+2F,) +1)=2(+F,,+ 1):(2¢ + 2F,) + 1), for 0<i <N - 2F,.
The above equation is equivalent to Eq. (19). Therefore, the claim holds.
(iv) Now, we will prove that after stage D, or after step 2,

c(2i+1)=0:(2+1), for 0<i < 2F, + Frg;

c2i+1)=2(-Fpni—Fni+1):(3 +12), for F, + Fri <i <N.
Eq. (28) can be partitioned into two portions:

c2( + 2F) + 1) =2(+Fpo + 1):(20 + 2F,) + 1), for O<i < Foug

c2(i+ 2F) + 1) =2(+Fno+ 1):(2( + 2F,) + 1), forFn., <i<N-2F,
TheF,.; values in Eq. (18),

c(2i+1)=0:(2+1), forF, <i < 2F,
can be expressed as

c2( +Fpo) + 1) = 0:(2( + Fro) + 1), for 0<i < Fia.
Thus, using Egs. (31) and (33) in performing

c(2(i + 2F,) + 1) :=oc(2(i + F, ) + 1), for 05 i <Fpuq,
we have

c2(i+2F,) +1)=0:2(+ 2&,) + 1), for O<i < Fpuy,
which is equivalent to

c(2i+1)=0:(2+1), for F,<i < 2F, + Frpy.
Combining the above equation and Eq. (18), we obtain Eq. (29).

To perform

c(2(i + 2F, + Frp) + 1) :=0c(2(i + 2F)), for 0<i <N-2F, — Fru1,

theN - 2F,, — F.; values in Eqg. (21),
c(2)=2(1—-F,.+1):(2+1), for F,<i <N-F.1,

are employed, which can be rewritten as

(28)

(29)
(30)

(31)
(32)

(33)
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c2( + 2F,) =20 + 2, — Fg + 1):(20 + 2F) + 1), for 0<i <N-2F,— Frpu1. (34)
All the values in Eq. (32) are also employed in the operations, which can be expressed as

c(2(i + 2Fpn + Frwg) + 1) = 2( + 2R, + 1):(2( + 2 + Frwg) + 1),
for0<i<N-2F,—Fni. (35)

Thus, using Egs. (34) and (35) in the operations, we have

c2( + 2k, +Fn) + 1) =2(+ 2F,— Fa + 1):(20 + 2F, + Frp) + 1),
for0<i<N-2F,-F1.

The above equation is equivalent to Eq. (30). Therefore, the claim holds.
(v) Finally, we will show that after stage E, or after step 3,

c(2i +1) =0:(2 + 1), for 0<i <N.
Eq. (30) is equivalent to

C2( + 2+ Frna) + 1) = 2 + 2P — Fry + 1):(20 + 2Py + Foa) + 1),
for 0<i <N— 2F;,— Fs. (36)

Furthermore, th&l — 2F,, — F.,.; values in Eq. (29),

o2 +1)=0:(2+ 1), for F— Fry <i <N—=Fry— Foe,
are equivalent to

O + Fn—Fna) + 1) = 0:2(+ Fp—Fna) +1), for0<i<N—2F,—Fpa.  (37)
Thus, using Egs. (37) and (36) in performing

c(2(i + 2P + Fa) + 1) :=0¢(2(i + 2Fp— Frpa) + 1), 0<i <N=2F,— Frua,
we have

c(2(i + 2F,+ Fpup) + 1) = 0:(2( + 2F, + Fipp) + 1), for 0<i <N - 2F, — Fiu1,
which is equivalent to

c(2i+1)=0:(2+12), for o+ Fr  <i <N.
Combining the above equation and Eq. (29), we get

c(2i+1)=0:(2+1), for 0O<i <N. Q.E.D.
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APPENDIX B

Proof of Lemma 2: We distinguish five cases.

(i) First, consider the case where> 3 andN > L,,;. As already mentioned, no stage is
skipped. If step O is not considered, then stages A, B, and C of Algorithm CL are the
same as those of Algorithm LL except that in CL, it is possible to jump from stage B to
stage F. Because no stage is skipped, as in Algorithm LL, after stage B, as well as after
stage C, we have Eq. (21), which is copied here for convenience:

c(2)=2(—-Fny+1):(4 + 1), forFna <i <N-Fp.. (38)

We will now show that, after stépin stage D,

o2 + 1) = 0:(2 + 1), for 0<i < G(k, m); (39)
o2 +1) = 2{ = Frs — (k=M= 1y + 1):(d + 1), G(km)<i<N. (40)

This can be proved by induction kras follows. Whek =m+ 2, stepmn + 2 is equivalent
to stepm + 2 of Algorithm LL. Thus, after stap + 2, from the proof of Lemma 1, we have
Egs. (29) and (30), which can be rewritten as

o2 + 1) = 0:(2 + 1), for 0<i < 2Fy + Frne = G(K, M);
(2 + 1) = 2{ = Fos — Fona + 1):(3 + 1), forG(k, m) <i <N.

Because stage D begins with step- 2, the basis holds.

As the induction hypothesis, assume that, afterlstem + s— 1 <t — 1, wheres> 3,
we have

c2i+1)=0:(2+1), for 0<i <G(m+s—-1,m); (41)
ci+1)=2(-Fp1i—-(5—2F, 1+ 1):(2 +1), forG(m+s—1,m)<i<N. (42)

We can partition Eq. (42) into two portions

c2+1)=2(-Fp1—(5-2F1 +1):(4d + 1), forGm+s—1,m) <i <G(m+s, m);
and

ci+1)=2(-Fni—(5—2F,1+1):(d+1), forGm+s m)<i<N.
The above two equations are, respectively, equivalent to

cli +G(m+s—1,m)) + 1)

=20+G(m+s—1,m) —Fpi—(5—2F, 1 +1):2 +G(m+s—1,m)) + 1,

for0<i <Fpu + (5— 2)F1 (43)

and
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c2( +G(m+s,m) +1)
=2(+G(m+s—1,m) +1):2( +G(m+s,m) + 1,
for0<i<N-G(m+s m) (44)
In stepk = m+ s, the last,.; + (S— 2)F,4 values in Eq. (41),
c2i+1)=0:(2+1), forGM+s—1,m—Fun—(S—2Fn1<i<Gm+s-1,m),

are employed in operations. These values can be rewritten as

c(2(i +G(m+s—1,m) - Fruy = (5= 2)Fpy) + 1)
=02 +GM+s—1,m —Fpni— (5—2F,1) +1, for0<i<F..+ (- 2F,1 (45)

Using Egs. (45) and (43) in performing

c2i +G(M+s—1,m)) + 1) :=oc(2(i +G(M+s—1,m) — Fpy— (S— 2)F1) + 1),
for0<i <Fpu1 + (5— 2)F o,

in stage D, we have

c(2(i +G(Mm+s—1,m)) +1)=0:2(+G(m+s—-1,m)) + 1,
for0<i <Fpu1 + (5— 2)F o,

which is equivalent to

c(2i +1) =0:(2 + 1), forG(m+s—1,m) <i <G(m+s m).
Combining the above equation and Eq. (41), we get

c(2i +1) =0:(2 + 1), for 0<i <G(m+s, m). (46)
Also in stepk =m + s, theN — G(m + s, m) values in Eqg. (38),

c(2)=2(1—-Fnai+1):(4 +1), folG(m+s—1,m) <i <N-F1— (S— 2)Fny,
are employed in other operations. These values can be rewritten as

c(2(i +G(m+s—1,m))

=2(-Fni+G(M+s—-1,m + 1):2( +G(m+s—1,m)) + 1,

for0<i<N-G(m+s,m). (47)

Using Egs. (47) and (44) in performing

c(2(i + G(M+s, m)) + 1) :=oc(2(i + G(M+s—1,m))),
for0<i <N-G(m+s, m),
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in stage D, we have

c(2(i +G(m+s m)) + 1)

=2(-Fp1 +GMm+s—-1,m) +1):2( + G(m+s, m)) + 1,

for 0<i <N-G(m+s, m).

The above equation is equivalent to

c2i+1)=2({-Fp1—(S-VFn1+1):(A+1), forGm+s m =Gk m)<i<N.(48)
Thus, by Egs. (46) and (48), the claim holdskferm +s. That is, during stage D, Egs. (39)
and (40) hold after stdp wherem+ 2< k<t - 1. Therefore, after step- 1 and before

stage E, we have

c(2i+1)=0:(2+12), for 0<i <G(t-1,m); (49)
c2+1)=2(-Fpu—(t-m-2F,,+1):(2+1), forG{t—1,m<i<N. (50)

Now, consider the effect of executing stage E. NkeG(t — 1, m) values in Eq. (49),

c(2i +1)=0:(2+1),
fo6t—1,m —Fni— t—-m-2)F, 1 <i <N-F1— t—-m-2)F,,.

can be rewritten as

(20 + Gt — 1, M) = Frs — (t— M= 2)Fpa) + 1)
= 0:(20 + G(t— 1,m) — Foya — (t— M= 2)Fma) + 1), for0<i <N-G(t-1,m).  (51)

In addition, Eq. (50) is equivalent to
c(2(i +G(t—1,m)) + 1)
=20 +G(t-1,m —Fpa—(t—-m-2)F,; + 1):(2¢ +G(t— 1,m)) + 1),
for0<i<N-G(t-1,m). (52)
Using Egs. (51) and (52) in performing

c2(+G(t—-1,m)) +1) :=0c2(i +G(t—1,m — Fp1— (t—m=2)F,,) + 1),
for0<i <N-G(t-1,m),

during stage E, we get

ci+G(t-1,m)+1)=0:2(+G(t—1,m)) + 1), for0<i <N-G(t—1,m).
The above equation is equivalent to

c2i+1)=0:(2+ 1), forG(t—1,m) <i <N.

Combining the above equation and Eq. (49), we have
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c(2i +1)=0:(2+ 1), for 0<i <N,
before executing stage F.
(i) Second, consider the case whare 3 andL,,; = N > 2F, in which only stage D is
skipped. In this case, Algorithm CL performs the same operations as LL does in step 1
through stage C. Thus, after stage C, we have Egs. (18) and (19), which are copied here

for convenience:

c(2i+1)=0:(2+12), for 0<i < 2F; (53)
c(2i + 1) =2(—Fpe1 + 1):(2 + 1), for F,<i <N. (54)

Eqg. (53) is equivalent to
c(2( — Frp) + 1) = 0:(2( = Frpey) + 1), forFo <i <L (55)

Note that stage E is executed in dtepn + 2. Thus, using Eq. (54) and tNe- 2F, values
in Eq. (55),

c(2( — Frp) +1) = 0:(2( = Frpey) + 1), for F,<i <N,
to perform
c(2(i + 2F,) + 1) :=oc(2(i + 2F— Frv) + 1), for 0<i <N-2F,,
or equivalently,
c(2i + 1) :=oc(2(i — Frney) + 1), for F,<i <N,
in stage E, we obtain
c(2i +1) =0:(2 + 1), for F7,<i<N.
Combining the above equation and Eg. (53), we have
c(2i +1) =0:(2 + 1), for 0O<i <N. (56)
(iii) Third, consider the case wheme> 3 and F,,> N > F, in which stages D and E are
skipped. In proving Lemma 1, we have shown that after stage C, Eq. (18) holds. Since
2F .= N, following the same approach used in proving Lemma 1, we can have Eq. (56)
after stage C as well as just before executing stage F.
(iv) Consider the case wheme> 3 andF,,,> N, in which stages C, D, and E are skipped. In
the proof of Lemma 1, we have shown thamhif even (respectively odd) akds even

(respectively odd), then after stkejn stage B, we can obtain

c(2i+1)=0:(2+1), for0<i <F.
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Now, after executing stage B and before stage F, wehax®\; therefore, following the
same approach used in proving Lemma 1, we can obtain Eg. (56) before executing stage F.

(v) Finally, consider the case whene= 2, in which only stage B is not executed. SiNce
>4 =L,, we haveN > L,,;, which also holds in case (i) of this proof. We have seen in
the proof of Lemma 1 that regardless of the valug,@ffter stage C, we have Egs. (18),
(29), (20), and (21), which are also used in case (i) of this proof. Therefore, asin case
(i), after executing stage E and before stage F, we have Eq. (56). Q.E.D.
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