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Products or materials under modern technology has a long period of time, and the prob-
lem of obtained sufficient information in small period of time need to stress higher than
normal conditions. In this article, we address the problem of partially constant-stress accel-
erated life tests (ALTs) with multiple Type-II censored scheme to estimate exponentiated
Weibull (EW) life time distribution. The maximum likelihood and Bayes estimators of
the distribution parameters and acceleration factor are developed. Also, the credible and
approximate confidence intervals of the parameters are discussed. Although, the Bayes esti-
mators cannot obtained in a plain form, then Markov chain Monte Carlo (MCMC) methods
is carried out to draw samples from the posterior distribution. Finally, the estimation pro-
cedures are compared and assessed for the unknown parameters inspected over numerical
discussions.

Keywords: multiple Type-II censoring, accelerated life tests, exponentiated Weibull distri-
bution, maximum likelihood estimation, Bayes MCMC estimation

1. INTRODUCTION

Accelerated life testing (ALTs) could be applied to obtain quick information about
the lifetimes products. In ALTS, the tested units is conducted at higher stress than normal
stress levels (say pressure, temperature, voltage, efc.) to encourage early failures. At such
accelerated conditions the collected data are investigated via a physically appropriate sta-
tistical model and is used in estimation problem of the life times distribution at normal
stress conditions. [1, 2] introduced the concept of ALT, through this case, partially ALTs
would be a perfect nominee to proceed the life test in order to the main presumption in
partially ALT are the stress is not known and the acceleration factor can’t be presupposed.
In partially ALTs, units is tested at the two case, normal and stress conditions [3]. The par-
tially ALTs is particulary useful in new-product development. However, an appropriate
statistical model are extrapolated to the data collected.

ALTs and partially ALT can be carried out by three common methods of ALTss:
step-stress, constant-stress and progressive-stress. The main difference between the three
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methods of ALTs is defined by the relation between testing time and the stress loading.
In constant-stress ALTs, the stress kept constant during the life of test products. In step-
stress ALTs, each tested unit starts in a particular low level of stress, if the unit does not
fail at a particular time, then the level of stress is change to a higher level. A simple step-
stress ALTs employ only two levels of stress [4-7]. Progressive-stress ALTs scheme lets
the stress on a test unit to be increased continuously, [8]. There are two types of partial
ALTs: partial step-stress ALTs and partial constant-stress ALTs [9-11]. In this study,
partial constant-stress ALTs schemes are used.

In the frame of partial constant-stress ALTs, the maximum likelihood (ML) method
is applied for estimates the model parameters for compound Rayleigh distribution [12],
for generalized exponential distribution [13], Burr XII distribution [14], Rayleigh dis-
tribution [15] and Weibull distribution [16]. The problem on optimal design of partial
constant-stress ALTss is discussed with [17, 18] for truncated logistic distribution under
conditions of decreasing of maximum likelihood estimators the generalized asymptotic
variance for the model parameters. Also, the estimation of model parameters of inverted
Weibull distribution under partial constant-stress ALTs see [19].

The censoring technique is very popular and familiar in a life tests. A common ones
in life testing are Type-I and Type-II censoring which can’t authorize the experimenter
to withdraw units from the life testing at several stages through the experiment other
the final point, and Type-II Hybrid as a joint of Type-I and Type-II of Type-II see [20].
But progressive censoring permit for items to be extracted through control conditions see
[21]. This problem can be overcome by applying more general censoring scheme CS,
called multiple Type-II censored scheme see [22]. However, multiple Type-II censoring
schemes will be well choice in this situation it authorizes for units to be extracted at any
stage through the life test period. Multiple Type-II censoring can be occurred in the test
that units fails with more than one cause. Hence the two type, Type-I and Type-II are
considered as a special case of numerous censoring. For a survey on the scheme, one may
refer to [23, 24].

Exponentiated Weibull (EW) distribution, from the most popular models introduced
as an expansion distribution of the renowned Weibull distribution [25, 26]. The EW fam-
ily includes distribution has been extensively used for analyses the life time data aside
from a broader class with some monotone failure ratios. The various moments with no
restrictions imposed on the model presented in closed-form in [27]. The EW distribution
with two parameters o and 6 has the probability density function (PDF) defined by

fi(t) = a6r* texp[—1%](1 —exp[—19])? !, &, 6 >0, 1> 0, (1)

and the cumulative distribution function (CDF), hazard rate function (HRF) and the reli-
ability function (RF) defined by

Fi(t) = (1 —exp[-1%])°, )

_ @01 expl—1€)(1 —expl—))" "
B 1—(1—exp[—1%])® ’

Hi(1) 3)

and

S1(t) =1 — (1 —exp[—19])°. 4)
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This article is planned to take the following stages, the model formulation and it’s
assumptions are derived in Section 2. The Maximum likelihood estimators (MLEs) of
the unknown parameters as well as the approximate confidence intervals are discussed in
Section 3. Also, Section 4, the Bayes approach is applied with the help of MCMC method
likewise the credible intervals for the parameters are presented. Numerical measurements
for the theoretical results discussed in the two numerical example and simulation study in
Section 5. Finally, it is finished with several Brief comments.

2. MODEL DESCRIPTION

In the model of partially constant-stress ALTss, the total tested units n are split ran-
domly to two groups, the group 1 has n; units tested under normal condition and the group
2 contains np = n — nj units tested under stress condition. Multiple Type-II censored is
utilized as follows. Suppose the two group n;, j = 1,2 are gathered in a life testing and
the prior of the experiment fixed integer m; is determined so that the r;th,rjsth....rj,; th
failure times are only available, that is Tr/.,;n i< Trﬂ;n j<..< Trjmj;n j»J =1,2is called
multiple Type-II censored data, where rj; +rjp +...+r jm; =M. If n; failure times has
distribution with CDF given by F;(x) and PDF given by f;(x), then the joint density of ob-
served multiply Type-II censored data t = trjinj <lrpnj < ... < t,jmj .nj and for simplicity
take trjimj = tr; (see Kang and Park [22]) is given by

mj+ )—Fi(T,,. )i

mnj i
®|t H”/'Hf/ tr,, H r/z ji—1)

— r]l_r(l 1)_1)

; ®)

where ® = (o, 6, 3).
The basic assumptions are:

(i) The lifetime of any unit tested at normal stress condition are i.i.d random variables
with EW lifetime distribution with parameters ¢ and 0 given by Eq. (1).

(i) To handle effects of environment or stresses on the lifetime distribution, the para-
metric proportional hazard model (also named Cox model) can be applied. Thus,
ha(t) = Bhi(t) and then the survival function under accelerated condition is given
by, S2(r) = (S1(¢))B, where beta is an acceleration factor satisfying 8 > 1. Also, the
accelerated lifetime model, in which assuming that S, (¢) = S1(f¢), Both model can
be applied, but we consider the first model in this paper. Then, the HRF, RF, CDF
and PDF under parametric proportional hazard model are presented, as follows:

BoBt* Texp[—1%](1 —exp[—1¥])0~!
1— (1 —exp[—1%])® ’

Hy(t) = (6)

$2(t) = (1= (1 —exp[1%))°)P, 9

B() = 1 (1— (1 -exp[-1"])®)P, ®)
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and

H) = Babr* ' exp[—1¥](1—exp[—1*]) " (1 — (1 —exp[—*])?)P~!
>0,0,0>0,>1. (9

(iii) The lifetimes of items 7}, j =1,2,i=1, ..., nj, of units assigned to use condition
(j = 1) and accelerated condltlon (j= 2) are mutually independent and identically
distributed iid random variables.

3. MAXIMUM LIKELIHOOD ESTIMATION

In this section, we discussed the parameters estimation with one of important clas-
sical methods, say ML method, see [28-30]. The joint likelihood function of the model
parameters o, 6 and 3 of the two EW distributions given by Egs. (1), (2), (8) and (9)

with the joint multiple Type-II censored sample T = {Trj1 s T } ,J =1, 2 with-

rj jmj
out normalized constant, as follows

my

my
vt =0 g ) (B, + Fosn, b
i=1

i=1 i

m2 m m2
—Ztg,.-k(@—l) ZlogUr,i+ZlogU,2i +(B-1)
i=1

i=1 i=1
myp+1

x:filog(l— )+ Z ri— )log[Urell—Ue J

m2+l

+ Z Fai = Fai1) —1)10g[<1—U,92(i1)>B—(1—U&)ﬁ]}. (10)

The log-likelihood function ¢(e, 6, B|t) = logL(a., 8, B|t) is then presented by

mj
La,0,B|t) =(m;+my)logad +mylogf+ (a {Elogtr1 +Zlogt,2}

1 1

my my nmy
Yt =Y (60— {ZlogUrl +ZlogU,2}
i=1 i=1

my +
+(B—1)Y log(1—U Z ri—rion — DloglUf, — U7 ]
et fay
my+1
+ Z (r2i*r2(i—1)*1)10g[(1 Urez( 1))ﬁ 7(17Ur62i)ﬁ]’ (11)
i=1
where
Uy = 1—exp[—1], (12)
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and
U, .
Ta] = atfj‘,:lexp[—tgi} =U,;. (13)

The ML estimators of the model parameters ¢, 8 and 0 are determined as follows:

dl(a,0,Blt) m matl
(aﬁm 2+Zl og(1-US )+ Y. (ri—ra1y— 1)
i=1
(l—U,‘Z( P log(1=Ug )~ (1-US )Plog(1-Uy) o 14
X (1 U9 )ﬁ (1—U9 )ﬁ - ) ( )

—1) i

20a,0,Blt) my+my & my & Ue logU,,,
( Blr) _m 2+ZlogUr”+210gUm+(B—1)2792
90 0 = i=1 = 1=Un
0 0
41 Urh_logUrl,-—U(,( l))logUrl(z‘—l)
Z Fii —Ti(i-1) ]) Ue —yo

i T1(i-1)
6 1776
(1- Urz(u) P Ur,i108Un )

(1- Urez(ifl))ﬁ — (1= Urezz')ﬁ

=B Y. (ri—ryi) 1){

i=1

_ (1-U5 )P 1Up log Uy, _ (15)
(1 _Urez(i—l))B — (1= Ufezi)ﬁ ’
ol(a,0,Blt) _mi+m Q g
90 o +;10gfr1,-+;10glr2,- X e logty, — Ztrz logt,,,
i= i=
m yf-ly, i
79([3*1)21217(]924’62 I"]lfl’ll 1)71)
i=1 7 Y i=1
US T Un = U8 Uy Z
— _B rZz_r2 1) _1)
[¢] (i—
Uni — Url(i—l)
(1-uf )B- WS Unyyy —(1-U, P-1ul U,
% 2(i—1) 2( 2 12 —0. (16)

_ 6 (117176
(1 Urz( 1))ﬁ (1 Urzi)ﬁ

Since the closed form for the solutions of nonlinear Eqs. (14)-(16) are difficult to obtain,

the numerical method, quasi-Newton Raphson algorithm, is applied for these simultane-

ous equations for obtaining MLEs of &, 8 and 6.

3.1 Asymptotic Confidence Intervals CIs

Since the MLEs of o, 6 and 3 can’t be acquired in closed formula, then we can’t
deduce the exact distribution of the MLEs. For EW distribution in partially constant-stress
ALTs, the MLEs of ¢, 6 and 3 has an asymptotic variance-covariance matrix determine
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by inverting the Fisher information matrix, which substituting & for a, 6 for 6 and ﬁ for
B. The Fisher information matrix of estimators &; 6 and P is presented by calculating the
second partial derivative respected to the log-likelihood function. The information matrix
can be utilized to build the variance-covariance matrix for the tree parameters.

Using the asymptotic distributions of the elements for the vector ¢(c,0,8), the
approximate Cls of the parameters is obtained by

((a_a)’(é_9)7(3_13))'\’]\,(0’[71(&797&))7 (17)

while 1-'(&, 6, ﬁ) is estimate at the MLEs (&, 6 and ﬁ) from the negative values
of the second partial derivatives of the log-likelihood function. The performance of
Lij(e, 0, B),i,j=1,2,3, which is written by /;;(&, 6, ), where

9*((ply)
Iij(‘P>:—W7 (18)

_ PUab ) PUaoBl)  PUaopl) T

s Jda2 5 Jdad o ) Jadp
N 0%(a,0.Blt)  9%0(a,0,Bl1)  9%(a,0.Bt
I() (a763ﬁ) - - %aa 2 - (:9162 B B ggaﬁ = ' (19)
*0(0.0.Blt)  9*(a.0.Blr)  9%(ct.0.B]r)
T 9Bda T IBd6 9B2 (&,8.8)

So, the 100(1-7)% approximate CIs of &, 0, and f3 are then obtained as
&ZFZ%/\/V]], é:FZ%’\/VZZ andB:Fz%u/vB, (20)

where, the elements on the diagonal of the matrix / -1 (&, é, 3) are vi1, v22 and v33. Also,
2y is standard normal values computed with right-tail probability %

4. BAYES ESTIMATION

In this section, we focuses on the Bayesian approach for estimating the unknown
model parameters o, 3 and 6 using square error (SE) and general entropy (GE) loss
function. Here, the desired Bayesian estimates under the stated loss functions (squared
error and entropy) are acquired which are defined respectively as;

Lse(9(0), 9 =(¢(6) -
Lee(9( oc igg) —wlog(iggg)—l,w#&

The estimate of @(0) is $(0). Bayesian estimator together with the assumption that @ and
6 are independent, where ¢ and 0 have the following gamma prior density distribution,
respectively

m(a) o a® exp(—ba) and 7 (0) < 6 'exp (—d0),a,b,c,d >0, (21)
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where a, b, ¢ and d are known shape and scale parameters. Also, for the accelerate factor
B the following non-informative prior (NIP) is given as:

m(B)e<p B> 1. (22)

Consequently, the joint density function of o, 6 and f is obtained from Egs. (21) and
(22) is exposed as

n(¢) < a0 B exp (—bat) exp (—dB), a,b,c,d > 0. (23)

The posterior density of ¢ can be obtained from the likelihood function Eq. (10) and prior
distribution in Eq. (23) as follows

T (9|t) = L(o|t)m //// (0|t)m(¢)dadodp.

The problem of obtaining the closed form of posterior distribution need to formed the
normalized constant in the mathematical form, which is more complicated. Hence, we
consider the proportional form as follows

h(a’97ﬁ|t)“(ae)m|+mzﬁm2aalecll'))]exp{ —ba — d9—|— {Zlogtm

i=1

my my my my my
+210gtr2,- _thfi_ztgi"_(e_l) ZIOgUr1i+ZlogUrzi
i=1 i=1 i=1 i=1

my+1

B—-1) Zlog(l—UZ,>+ Z rii—ryi—1) — 1)log {U"eli_Urel(i—l)}

my+1
+ ;(rzi—rz(iq)—l)log[(l Ue 1))5—(1 Uz,)ﬁ]}- (24)

The Bayes estimators (BE) of &, B and 0, using squared error loss function(SEL), can be
determined by the following equations as follows

o [y oL(e,0,Blt) (e, 0, B)dod6d
[1 .fO .[0 ((X,G,ﬁ‘[) (a707ﬁ)dad9dﬁ '

From Eq. (25) the BE of the parameters using the posterior density function with GE
loss functions is given by

GserL = E(]t) =

(25)

ff°.fo°°f0°°¢"L(aﬁ,ﬁlt)n(a,e,ﬁ)dadedﬁ}q‘ 06)

NJe Jo L(e, 6, Blt)m(ex, 6, B)dod6dfs

Generally speaking, the ratio of the integrals provided by Egs. (25) and (26), the two
integrals does’t be achieved in a closed form, then different approximate methods can be
used. The important method can be carry out Bayes estimates of the parameters ¢ = o, 0
and f is MCMC method.

b = [E@ )7 = {

* MCMC Approach
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The MCMC method has the priority over the maximum likelihood estimate for construct-
ing the probability intervals from the empirical posterior distribution. About the parame-
ters ¢ = (at, 0, ), the posterior is summarized as the MCMC samples, in other words, the
simulation Markov chain with some burn-in is the straight computation of the posterior
distribution. Then, the estimation problem of the interested parameters or any function
of them are computed with generated samples. The theoretical form of posterior distri-
bution determines a suitable scheme of MCMC method that will be used in estimation
problem. Gibbs and importance sampling techniques are the important ones with the built
of MCMC method.

In this section, we considered the important sampling technique which is sug-
gested by [33] to present point the corresponding credible intervals estimators. The Bayes
MCMC method has the property that constructing the credible intervals which unavail-
able in MLE. The joint posterior distribution of ¢, § and 6 is presented by Eq. (24) can
be formed as

h(, 6, Blt) o< hi(a[0,B,1) x ha(Blex, 0,1) X h3(8]ex, B,1) x w(e, 0, Bl1),  (27)

then, the joint posterior distribution of ¢, 6 and 8 is written as a product of four function
described as follows

1: h(a|B,0,1) is a conditional function of ¢ given 3 and 6, presented by

mj my
oM Hmata—l exp{ ): 1= Z tni— LlogUni— ¥ logUrzi}
i=l i=l

h]((X|B,6,£) o< ml+m2+c o my
(d ): logUy,; — 'zl log Um) (Z log (1 - Uz”;))
i=

i=1 i=1

1 m
xexp{—bOH—a (Zl()glrli"‘zl(’g’rzi) } (28)

i=1 i=1

2: h(B|a, 6,t) is a conditional gamma density function with scale and shape parameters,

m2
respectively given by (m;) and ( Y log (1— Uﬁ)) .
i=1

3: h3(0|o,B,¢) is a conditional gamma density function, where the shape and scale pa-
rameters given respectively by (m; +m, +¢) and

mp my
(d — (Z logU,,; + Z 10gUr2i> ) .
i=1 i=1

4: w(a,0,B|r) is a weight function given by

my+1 0 0
w(a,0,Bl0) =[] {Um Uiie1

i=1

}(m*rl(i—l)*l)

my+1

S (RN L
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The graph of Eq. (28) is similar to normal distribution. Consequently, we utilized the
Metropolis-Hastings manner see [32] together with normal proposal distribution.

* The importance sampling algorithm can be described as follows

A

Stepl: Put the indicator k = 1 and start with initial vector (a?), (0, 80 = (&, B, 6).

m2
Step2: Generate 8(*) from Gamma (mg, — Y log(1- Ug)).
i=1

m m
Step3: Generate 0 from Gamma (ml +my+c,d— ( Zl, logU; + ):2 log U,Z,-) > .
i=1 i=1

Step4: Utilising Metropolis-Hastings, generate ot(*) using (30) with proposal normal dis-
tribution with mean o(*~1) and standard deviation v/C33 obtained from variances-
covariances matrix.

Step5: After obtaining the vector (oc('c)7 B, 0(">),C0mpute w(")(oz(")7 B, 6(%)) set
K=xKk+1.

Step6: Steps 2-5 is repeated N times.

Step7: The point Bayes estimates under MCMC method of any function ¢ (@, 0,f) is
given by

% o) (au),[;(o,g(o) Wi (a(i)ﬁ(i)’g(i)h)
i=M+1 B
E(¢|data) =

- , (30)
Y wl (e, B0, 60)])
i=M+1

where ¢ (o, B, 6) = a, B, 0, or any function of the parameters and M is the re-
quired number of iteration to reach the stationary distribution. Also the posterior
variance of ¢ (a, 3, 0) can be written as:

N

y (¢(i> <a<i>79<i>’3<i>) fE(¢|data)>2W(i> (aa)’ﬁm, o) |£)

V(¢|data) = =M1 -
Y wl) (o), B0, 60)]r)
i=M+1
(31)

4.1 Credible Intervals CIs

The credible intervals of any function ¢ (o, 0, 3) is obtained under applied the idea
of [33]. The following procedures are performed to get credible CIs of & ,0 and f3.

Step 1: Under the importance sampling technique the values (Ot(M +1), ﬁ(M +1), 9<M+1)),
(aM+2) gM+2) - gM+2)) = () BIN) gN)y s obtained, then calculate
oW (a®, BO 0W) i=M+1,M+2, ..., N.
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Step 2: The order values of (P(") (ON), B(i), G(i)) ,i=M+1,M+2, .. N is given by
o) (@, B9, 00) i=1,2,...N-M.

Step 3: Fori=1, 2, ..., N — M the ordering values ¢/ corresponding to the ordering
weight function w(;), where

7 (o), 6y B It)

_ .
0 (o, 6% g

y 2 (a”.0".p"k)

=M

wi) = (32)

Step 4: The simulation consistent estimator of cumulative posterior distribution ®(¢|z),
0,' if ¢* < ¢
BTl =1 X v i 9 <9 <0y (33)
1 if 9" > @s_pr)

Step 5: Let ¢2® be the 2w-th quantile of ¢, i.e.
0P = inf{9: ®(9*|1) > 200} (34)

Step 6: Then the (1-2w%) symmetric credible interval for ¢, can be constructed.

5. APPLICATION

The aim of this section is to assesses the achievement of the estimators and provides
the numerical results.

5.1 Simulated Data Analysis

The developing procedures discussed in this paper are illustrated through a numer-
ical example described in this section as follows. In generation a simulate data sets, we
consider size with the total tested units n = 50, groups sizes under normal and accelerate
condition n; = ny = 25 and the observed samples m; = my = 15 are generated from EW
distribution with parameters (a, 6, ) = (1.5, 3, 1.6). The prior parameters are used
under the property E(a) ~ § and E(0) ~ 4, then we used the sets of prior parameters as
{(a,b),(c,d)} ={(3,2),(5,2)}The data are summarized in Table 1 under normal condi-
tions (N-C) and accelerated condition (A-C). The Newton Raphson iteration method are
employed to compute the MLEs for the point estimates of the parameters as well as 95%
approximate confidence intervals (ACIs) are presented in Table 2. Also, in Baysian ap-
proach with MCMC method, the chain iteration is employed with 11, 000 times at 1000
values is discarded as ‘burn-in’. The results from the Bayes MCMC approach for the
point estimates as well as 95% credible intervals (ClIs) for the model parameters are con-
structed in Table 2. The convergence in MCMC method are described with Figs. 1-6 to
show the simulation number generated by MCMC method together with the correspond-
ing histogram.
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Table 1. Simulate data set from EW distribution with (1.5, 3.0).
0.7921 09212 09244 0.9865 — — 1.2078
N-C 14779 — — 1.5023 — 1.6263  1.6347
— 1.7016  1.7696 1.8206 1.8685 —
— — 2.5035 2.5889

0.7921 — 09244 09865 1.1552 — —

A-C 14779 13705 1.404 1.5023  1.5325 1.6263 1.6347
— — 1.7696  1.801 — — 2.1461
— 2.3867 — —

Table 2. MLEs, MSEs, RABs, (95% ACIs) and intervales length.

Pas (OmL (OMcMmc 95% ACs Length 95% Cls Length
o 1.4284 1.7198 (1.17036, 1.68646) 0.5161  (1.6327,2.3116) 0.6789
0 5.9827 4.3336 (3.38702, 6.57839) 3.1914  (2.8423,5.6626) 2.8203
ﬁ 2.7528  1.4932 (1.44947,4.05622) 2.6068 (0.7132,5.8148) 5.1016

. « . e
\ 2000 4000 * 6000 8000 10000

Fig. 1. Simulation number of & generated by MCMC method.

500
400 l

300

100

oo [ [T
14 1.6 18 2.0 22 24 2.6

Fig. 2. Histogram of posterior distribution of ¢ generated by MCMC method.
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2000 4000 6000 8000 10000

Fig. 3. Simulation number of 6 generated by MCMC method.

700
600 H
500 - =
400 L
300
200

10

3

Hhsﬂﬁm

10

Fig. 4. Histogram of posterior distribution of 6 generated by MCMC method.

5.2 Simulation Study

The estimates of the parameters o, 6 and 8 of the EW distribution were obtained
using multiple Type-II censored scheme under partially constant-stress ALTs. In order to
discuss the implementation of different estimators discussed in Sections 2-4, a numerical
study is achieved.

The mean square errors (MSEs) and relative absolute biases (RABs) has been used
to compared numerically the achievement of the resulting estimators of (a, 0, 3). Where,
MSE; is (i.e. MSE(8) = E[(6 — 0)?]) and RABias; is (i.e. RABias(6) = %5%). The limits
of confidence interval and coverage percentage of the unknown parameters were struc-
tured at Y = 0.95. All the computations were conducted in Mathematica (0.9) software.
Simulated procedures can be described as follows:

Step 1: With the sample proportion in normal condition 7 the total sample is divided to two
sub-grouped with sizes n; = nm and n2 = n(1 — m) where n = n; + ny.

Step 2: The two samples #;,1 < ... < fj,;,j = 1,2 are generated from normal and acceler-
ated EW distributions Eqgs. (2) and (8).

Step 3: 10,000 random samples of sizes n = 60,100, 150,300 and 500 are generated from
EWD(a, 6) based on multiple Type-II censored sample. The main concept to select
different combinations of n is to examine how the MLE and BEs perform for them.
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Fig. 5. Simulation number of 8 generated by MCMC method.
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Fig. 6. Histogram of posterior distribution of 8 generated by MCMC method.

Step 4: The population parameters used in the simulation study are case (1) (¢ =0.1,0 =
2,=2),case (2) (¢ =1.5,0=4,8=2)and case (3) (¢ =0.4,0 =0.75,3 = 1.6).
The selected hyper-parameters are assigned values as a = 1.0;b = 10;¢ = 4.0;d =
2.0.

Step 5: At each sample, we compute the point and interval MLE estimate.

Step 6: In all case, the Bayes estimates with respect to the loss function SEL and GE of
the unknown parameters are constructed for a = —1,3,1. Simulation results are
reported in Tables 1-3 include the Y = 0.95 normal approximation CIs and credible
ClIs, their lengths of the model parameters and the MSE and RAB for different cases
of parameters and sample sizes of (n,ny,m;) and (n,ny,my).

Step 7: The MSE and RAB of the estimators for (¢,0,3) for the sample sizes and the three
sets of parameters are classified.

5.3 Numerical Discussions

Finally, some observations about the performance of the estimated parameters ac-
cording to Tables 3-5. The following points can be observed

1. We observed that in most of the cases the length of approximate and credible Cls
are decreasing when the sample size is increasing.

2. For case (1), the MCMC ClIs of a, 6 and f yield a good outcome than ACIs for
interval length.
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Table 3. MSEs, RABs, (95 ACIs and CTs) and length of the MLEs and BEs at (¢ =0.1, 0 =2, f#=2).

n Par ML SEL GE Approximate CIs Credible CIs
(ny,my) c=-1 =3 c=1 L L
(np.m3)

60 [ 0.00030 0.00303 0.00990 0.00894 0.00094 (0.06501, 0.29493) (0.03087, 0.15111)
(30,25) 0.20022 0.147274 0.59143 0.59792 0.630625 0.22990 0.13024
(30,25) ¢} 0.52068 0.14100 0.17250 0.04817 0.10122 (1.69496, 3.2446) (1.56085, 3.04327)

0.23489 0.18978 0.20767 0.10974 0.15907 1.54963 1.48242
B 2.11489 0.03400 0.03094 0.02123 0.02589 (1.65796, 3.25058) (1.91153, 3.27968)
0.72713 0.09418 0.04278 0.04230 0.04254 1.5926 1.36815

60 o 0.00136 0.000009 0.00096 0.00080 0.00088 (0.04993, 0.27631) (0.03533, 0.15643)
(30,20 0.36879 0.02221 0.31009 0.28294 0.29670 0.22638 0.12110
(30,20 2] 0.70865 0.36014 0.00369 0.02432 0.00213 (1.89192,3.79171) (125231, 3.05360)

0.42091 0.30006 0.03037 0.07797 0.02306 1.89979 1.80129
B 1.18269 0.12627 0.00205 0.01921 0.00841 (2.75801, 4.32919) (1.40210, 2.59873)
0.77180 0.17768 0.02265 0.06930 0.04585 1.57118 1.19663

60 o 0.00169 0.00156 0.00012 0.00013 0.00012 (0.04816, 0.27973) (0.02166, 0.16260)
(30,15) 0.04122 0.03785 0.00881 0.00897 0.00885 0.23157 0.14094
(30,15) 2] 1.28526 0.87522 0.76315 0.76117 0.45693 (2.28753, 5.38247) (0.73921, 2.55203)

1.13369 1.79548 0.92827 0.82736 0.94105 3.09494 1.82282
B 1.23573 0.83817 0.18467 0.20670 0.19014 (1.86171, 3.14963) (1.01479,2.41171)
1.79881 0.82629 0.34161 0.35597 0.34380 1.28792 1.39692

100 a 0.00004 0.00503 0.00290 0.00272 0.00281 (0.07929, 0.21822) (0.05231, 0.15602)
(50,40) 0.06246 0.25061 0.53807 0.52180 0.52995 0.18893 0.10371
(50,40) 6 0.40678 0.11643 0.00003 0.01191 0.00325 (2.01137, 3.26423) (1.41883, 2.66527)

0.31890 0.17061 0.00257 0.05457 0.02849 1.25285 1.24644
B 1.22756 0.02185 0.00215 0.00895 0.00496 (2.55643, 3.65948) (1.54768, 2.39294)
0.55398 0.07391 0.02319 0.04731 0.03519 1.10304 0.84526

100 a 0.00082 0.00009 0.00038 0.00032 0.00035 (0.05974, 0.28282) (0.05199, 0.15927)
(50,30) 0.28718 0.09834 0.19591 0.180223 0.188098 0.22308 0.10728
(50,30 2] 3.41817 0.49942 0.00956 0.05239 0.02656 (2.73569, 4.96197) (1.28271, 2.65894)

0.924414 0.353346 0.0488887 0.11445 0.08149 222628 1.37623
B 2.07754 0.11192 0.00038 0.00695 0.00264 (2.83843, 4.04430) (1.52023, 2.49862)
0.72068 0.16728 0.00978 0.04168 0.02568 1.20587 0.97839

100 a 0.00060 0.00012 0.00028 0.00023 0.00026 (0.06318, 0.28783) (0.06828, 0.16434)
(50,25) 0.24497 0.11150 0.16842 0.15292 0.16077 0.22465 0.10606
(50,25) 2] 273392 0.49106 0.04867 0.00181 0.01735 (2.75199, 5.11269) (1.44683, 3.18537)

0.96617 0.35038 0.11031 0.02129 0.06586 2.36070 1.73854
B 1.8118 0.46728 0.10838 0.05781 0.08113 (3.03797, 4.3157) (1.74146, 2.99915)
0.83842 0.34179 0.16461 0.12022 0.14241 1.27774 1.25769

150 a 0.00072 0.000034 0.00053 0.00049 0.000511 (0.06366. 0.19259) (0.07730, 0.15830)
(75,60) 0.26872 0.05819 0.23107 0.22080 0.22598 0.12893 0.08100
(75,60) ¢} 0.50789 0.40209 0.06326 0.0977 0.07953 (2.18772, 3.23762) (1.32379, 2.22705)

0.35634 0.31706 0.12576 0.15636 0.14100 1.04990 0.90326
B 0.81765 0.00003 0.04384 0.05760 0.05048 (2.47753, 3.33095) (1.48302, 2.13260)
045212 0.00278 0.10469 0.12000 0.11234 0.85341 0.64958

150 a 0.00083 0.00083 0.00262 0.00252 0.00257 (0.06192, 0.20558) (0.08348, 0.16880)
(75,50) 0.28768 0.28861 0.51217 0.50238 0.50730 0.14366 0.08532
(75,50) ¢} 1.1996 0.19563 0.40863 0.28405 0.34378 (2.46084, 3.72968) (1.95187, 3.42157)

0.54763 0.22115 0.31962 0.26648 0.29316 1.26884 1.46970
B 1.58261 0.17328 0.02298 0.01169 0.01686 (2.78489, 3.73115) (1.75642,2.59183)
0.62901 0.20814 0.07579 0.05406 0.06493 0.94626 0.83541
150 a 0.00149 0.00004 0.00040 0.00035 0.00038 (0.03545, 0.22075) (0.10268, 0.16772)
(75,38) 0.385527 0.06532 0.20116 0.18770 0.19447 0.1853 0.06504
(75,38) 2} 4.8092 0.44042 0.02174 0.06041 0.03854 (1.22526., 3.96071) (1.31097, 2.49221)
1.09649 0.331821 0.07373 0.12289 0.09816 1.43545 1.18124

B 1.62009 0.01243 0.02718 0.04592 0.03591 (1.80679, 3.73885) (1.44167, 2.28254)
1.46003 0.05576 0.08244 0.10714 0.09475 1.93206 0.84137

300 a 0.00108 0.00002 0.00012 0.00012 0.00011 (0.061157, 0.18291) (0.09177, 0.14977)
(150,125) 0.32936 0.04308 0.10741 0.10348 0.10545 0.121753 0.05800

(150,125) 6 0.528751 0.14624 0.01464 0.02317 0.01866 (2.07409, 2.78021) (1.5569, 2.23128)
0.363576 0.191206 0.0605049 0.07611 0.06829 0.70612 0.67438

B 0.76847 0.00007 0.01654 0.02084 0.01863 (2.17896, 2.88926) (1.64324,2.11493)
0.39205 0.00423 0.06429 0.07219 0.06824 0.7103 0.47169

300 o 0.00159 0.00004 0.00029 0.00028 0.00029 (0.05436, 0.186582) (0.09065, 0.15247)
(150,100) 0.39912 0.06660 0.17264 0.16736 0.16999 0.132222 0.06182

(150,100) ¢} 242815 0.29469 0.03942 0.05588 0.04729 (2.02079, 3.09571) (1.465, 2.18448)

0.77913 0.27143 0.09927 0.11820 0.10873 1.07492 0.71948

B 1.6362 0.00065 0.01464 0.01976 0.01710 (2.04813,2.81015) (1.62203, 2.15317)
0.63957 0.01274 0.06049 0.07029 0.065392 0.76202 0.53114
300 o 0.00085 0.00035 0.00055 0.00048 0.00050 (0.06331, 0.19854) (0.09811, 0.15791)
(150,75) 0.29072 0.18649 0.22924 0.21959 0.22440 0.13523 0.05980
(150,75) 2] 1.53167 0.82928 0.37972 0.43103 0.40487 (1.91809, 3.57069) (1.07714, 2.13450)
0.77219 0.45532 0.30811 0.32826 0.31815 1.6526 1.05736

B 0.69406 0.15667 0.21874 0.24066 0.22956 (1.93048, 3.13573) (1.28423, 2.19889)
0.41655 0.197909 0.23385 0.24528 0.23956 1.20525 0.91466

500 o 0.00071 0.00037 0.00067 0.00066 0.00066 (0.06843, 0.17825) (0.09811, 0.13791)
(250,210) 0.26662 0.19201 0.25841 0.25614 0.25728 0.10982 0.03980

(250,210) 2] 0.46630 0.01124 0.01271 0.00844 0.01047 (2.03099, 2.63474) (1.83268, 2.40953)
0.34142 0.05300 0.05636 0.04595 0.05116 0.60375 0.57685

B 0.31505 0.00005 0.00666 0.00513 0.00586 (2.10155, 2.59236) (1.88853, 2.28507)
0.47348 0.00302 0.04079 0.03579 0.03829 0.49081 0.39654

500 a 0.00129 0.00009 0.00039 0.00038 0.00039 (0.0552, 0.1740) (0.09058, 0.1417)
(250,170) 0.35945 0.09915 0.19795 0.19497 0.19646 0.1188 0.05112

(250,170) 6 1.33608 0.14053 0.00679 0.01116 0.00884 (2.1285,2.9339) (1.6126, 2.1883)
0.76421 0.18744 0.04119 0.05283 0.04701 0.8054 0.5757
B 1.15722 0.00095 0.01245 0.01517 0.01378 (2.0591, 2.6503) (1.6162,2.0110)

0.53787 0.01540 0.05578 0.06159 0.05869 0.5912 0.3948

500 a 0.00134 0.00039 0.00083 0.00080 0.00082 (0.05839, 0.18836) (0.10795, 0.16943)
(250,125) 0.36626 0.19953 0.28815 0.28346 0.28581 0.12997 0.06148

(250,125) 2] 2.67418 0.21207 0.02579 0.02667 0.02601 (2.00284, 3.06405) (1.48874, 2.12641)
0.92917 0.34982 0.10139 0.11646 0.10890 1.06121 0.63767

B 1.35205 0.02694 0.06667 0.07445 0.07051 (2.01415,3.0114) (1.52587, 2.17005)
0.58139 0.08206 0.12910 0.13643 0.13277 1.09725 0.44418
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Table 4. MSEs, RABs, (95 ACIs and CTs) and length of the MLEs and BEs at (¢ =1.5,0 = 4,8 =2).

n Par ML SEL GE Approximate CIs Credible CIs
(ny,my) c=-1 c=3 c=1 L L
(np.m3)

60 o 0.00162 0.02995 0.50240 047158 0.48695 (1.12482, 1.79475) (1.30536, 2.20901)
(30,25) 0.02681 0.11538 0.47253 0.45781 0.46521 0.66993 0.90365
(30,25) ¢} 1.10077 0.03147 0.01306 0.00158 0.00140 (3.89874, 6.19961) (3.08633, 5.29473)

0.26229 0.04435 0.02857 0.00992 0.00936 2.30087 2.20840
B 0.22442 0.00006 4.99816 3.56074 4.25461 (1.71678, 3.23068) (1.72901, 5.05202)
0.23686 0.00372 1.11783 0.94350 1.03134 1.5139 3.32301

60 o 0.11606 0.104794 0.12916 0.11430 0.12170 (0.95362, 1.66504) (1.39530, 2.32876)
(30,20 0.22712 021581 0.23959 0.22539 0.23257 0.71142 0.93346
(30,20 2] 1.20538 0.09785 0.01467 0.00541 0.00056 (3.95818, 6.23762) (2.99205, 5.47685)

0.27447 0.07820 0.03028 0.01838 0.00594 2.27944 2.4848
B 1.12180 0.04007 5.2223 3.42740 4.28893 (2.02041, 4.09787) (1.61813,5.32175)
0.52957 0.10009 1.14262 0.92566 1.03549 2.07746 3.70362

60 o 0.38637 0.15037 0.37926 033391 0.35656 (0.68308, 1.77375) (1.32606, 2.39895)
(30,15) 0.41439 0.34963 0.41056 0.38523 0.39808 1.09067 1.07289
(30,15) 2] 131752 0.16702 0.10469 0.28935 0.18524 (3.58456, 5.54241) (2.56154, 4.99019)

0.34087 0.10217 0.08089 0.13448 0.10760 1.95786 2.42865
B 1.3976 1.36247 17.2062 10.86730 13.8974 (2.01934, 4.07595) (1.43215, 5.61770)
0.67238 0.58363 2.07402 1.64828 1.86396 2.05662 4.18555

100 a 0.14562 0.00622 0.07375 0.06702 0.07036 (0.96435, 1.57245) (1.36501, 1.98068)
(50,40) 0.25440 0.05256 0.18105 0.17259 0.17684 0.60809 0.61567
(50,40) 6 0.01947 0.59656 051971 0.63587 0.57637 (3.42125, 4.85782) (2.61841, 4.21996)

0.03488 0.19309 0.18023 0.19935 0.18980 1.43657 1.60155
B 0.25797 0.00005 0.95718 0.68694 0.81749 (2.12428, 3.39854) (2.11893, 3.94944)
0.18070 0.00756 0.48918 0.41440 0.45208 1.27426 1.83051

100 a 0.20182 0.13167 0.56533 0.53885 0.55211 (0.89434, 1.50717) (1.76664, 2.52908)
(50,33) 0.29950 0.24191 0.50126 0.48938 0.49536 0.61283 0.76244
(50,33) 6 0.31038 0.13437 0.25362 0.36612 0.30709 (3.79753, 5.31671) (271910, 4.36543)

0.13928 0.09164 0.12590 0.15127 0.13854 151918 1.64633
B 133103 0.00743 3.67975 2.8285 3.24119 (2.38294, 3.92447) (2.71746, 5.38836)
0.57685 0.07849 0.95913 0.84091 0.90017 1.54154 2.6709

100 a 0.22845 0.18499 0.18245 0.16810 0.17524 (0.87222, 1.57186) (1.47935,2.28137)
(50,25) 0.31864 0.28141 0.28476 0.27334 0.27908 0.69964 0.80202
(50,25) 2] 1.64209 0.03825 0.02828 0.00005 0.00774 (4.38787, 6.17501) (3.11808, 5.38588)

0.32036 0.04889 0.04205 0.00171 0.02199 178714 22678
B 1.16760 0.02803 4.78373 3.42330 4.07872 (2.86527,5.21767) (2.69897,5.97161)
0.62073 0.14481 1.09359 0.92511 1.00979 2.35241 2.68691

150 a 0.01259 0.30934 0.55083 0.54047 0.54565 (1.34400, 1.73159) (1.46857,2.12307)
(75,60) 0.074800 0.37079 0.49479 0.49011 0.49245 0.38759 0.65450
(75,60) ¢} 1.33915 0.49399 0.22389 0.159460 0.19036 (3.42719, 4.88724) (3.71126, 5.29758)

0.28930 0.17571 0.11829 0.09983 0.10908 1.46005 1.58632
B 0.44688 0.00004 6.54248 5.78297 6.15807 (2.17388, 3.16310) (3.47397, 5.77675)
0.33425 0.00556 1.27891 1.20239 1.24077 0.98922 230278

150 a 0.12488 0.11061 0.25235 0.24416 0.24824 (1.01953, 1.67369) (1.32162, 2.18158)
(75,50) 0.23559 0.22173 0.33489 0.32941 0.33216 0.65416 0.85996
(75,50) ¢} 1.10022 0.79942 0.01098 0.00051 0.00407 (3.35141, 4.94641) (3.34247, 4.95593)

0.26223 0.22353 0.02620 0.00562 0.01594 1.59500 1.61346
B 0.94362 0.04275 6.11806 6.04863 6.57487 (2.56715, 3.91770) (3.59814, 6.22537)
0.62121 0.17938 1.12461 1.12746 1.17612 1.35055 2.62723

150 a 0.16571 0.06717 0.25243 0.24217 0.2473040 (0.96809, 1.61777) (1.2995, 2.19825)
(75,38) 0.27138 0.17278 0.33495 0.32807 0.33153 0.64968 0.89875
(75,38) 2} 251638 0.07873 0.05233 0.01418 0.03027 (3.80412, 5.36850) (3.33111,5.2144)

0.39658 0.07015 0.05719 0.02977 0.04350 1.56438 1.88329
B 1.19858 0.16145 7.30326 6.67929 7.47904 (3.09327, 5.00482) (3.53391, 5.82571)
0.80245 0.63396 1.25250 1.38558 1.45594 1.91155 2.29180
300 a 0.01499 031672 0.49314 0.48876 0.49095 (1.27518, 1.55584) (1.48956, 2.01867)
(150,125) 0.15633 0.37518 0.46816 0.46608 0.46712 0.28065 0.52911
(150,125) 6 1.62087 0.69476 0.48380 0.43246 0.45777 (4.75133,5.79494) (4.12796, 5.2981)
0.31828 0.20838 0.17389 0.16440 0.16916 1.04362 1.17014
B 0.41069 0.00659 6.90697 6.48301 6.69377 (2.34982, 3.02232) (4.01907, 5.68644)
0.24303 0.09269 1.10597 1.16775 1.18688 0.67250 1.66737
300 o 0.05942 0.26073 0.60674 0.60048 0.60361 (0.97945 , 1.55011) (1.34483,2.11148)
(150,100) 0.15015 0.34041 0.51929 0.51660 051795 0.57066 0.76665
(150,100) ¢} 1.0702 0.11509 0.09045 0.06658 0.07807 (4.54874, 5.52026) (3.72673, 4.91530)
0.25863 0.08481 0.07519 0.06451 0.06985 0.97152 1.18857
B 1.07489 0.71653 6.95078 6.47583 6.71089 (2.93838, 3.94252) (3.77037, 5.59057)
0.72022 0.88268 1.31822 1.27238 1.29527 1.00414 1.82020

300 o 0.24357 0.18467 0.24355 0.23908 0.24131 (1.02198, 1.79096) (1.26523,2.11233)
(150,75) 0.23319 0.28649 0.32901 0.32597 0.32749 0.76898 0.84710
(150,75) 2] 2.05409 3.66192 1.22137 1.07520 1.14721 (4.90699, 5.95944) (4.32804, 5.93968)

0.35830 0.47840 0.27629 0.25923 0.26777 1.05245 1.61164
B 0.95915 0.85210 8.10569 7.30497 7.70158 (3.49097, 4.79463) (3.95081, 6.21329)
0.97140 0.98046 1.21087 1.24092 1.27492 1.30366 2.26248
500 o 0.00135 0.13943 0.27519 027317 027418 (1.38654, 1.51388) (1.43729, 1.81021)
(250,210) 0.01508 0.24893 0.34972 0.34844 0.34908 0.12734 0.37292
(250,210) 2] 1.34949 0.18744 0.16236 0.14555 0.15385 (3.76473, 4.55862) (3.06014, 4.34316)
0.29042 0.10824 0.10074 0.09538 0.09806 0.793887 1.28302
B 0.00593 0.16167 4.86821 4.69069 4.77914 (2.11556, 2.56131) (2.65066, 3.79852)
0.06326 0.10672 1.10320 1.08290 1.09306 0.44575 1.14786
500 a 0.02584 0.18316 0.30706 0.30475 0.30590 (1.263621, 1.58593) (1.46348, 2.04528)
(250,170) 0.31682 0.28532 0.36942 0.36803 0.36872 0.322309 0.58180
(250,170) 6 1.88490 1.74140 1.07565 1.01479 1.04493 (3.96800, 4.77783) (3.52325,5.00317)
0.34323 0.32991 0.25928 0.25184 0.25556 0.809829 1.47992
B 0.83982 0.93556 8.60100 8.23506 8.41750 (2.10182, 2.89138) (236115, 3.88824)
0.74830 0.87303 1.04927 1.01946 1.03440 0.78956 1.52709
500 a 0.10140 0.26592 0.421586 0.41758 0.41959 (0.93431, 1.56290) (1.33540, 2.25891)
(250,125) 0.13426 0.34378 0.43286 0.43080 0.43184 0.628587 0.92351
(250,125) 2] 1.60397 0.46693 0.48107 0.43014 0.45526 (3.87265, 5.06031) (3.12471, 5.29481)
0.31662 0.170831 0.17340 0.16396 0.16868 1.187661 2.17010
B 0.86801 0.98601 8.84330 8.2888 8.5641 (2.96930, 4.01404) (241442, 4.26474)
0.83708 0.93568 1.14646 1.1038 1.12512 1.04474 1.85032
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Table 5. MSEs, RABs, (95 ACIs and CTs) and length of the MLEs and BEs at (o= 0.4,0 = 0.75,8 = 1.6).

n Par ML SEL GE Approximate CIs Credible CIs
(ny,my) c=-1 =3 c=1 L L
(ny,my)

60 o 0.00531 0.02892 0.03198 0.03691 0.03443 (0.22091, 0.43333) (0.15320, 0.30418)
(30,25) 0.18220 0.42513 0.44708 0.48028 0.46388 0.21242 0.15097
(30,25) 0 0.02288 0.04796 0.08180 0.05058 0.06527 (0.54977, 1.25275) (0.71893, 1.41819)

0.20168 0.29199 0.38135 0.29988 0.34063 0.70299 0.69926
B 0.19452 0.26889 0.32707 0.45702 0.38971 (1.28840, 2.79370) (0.63377, 1.53793)
0.27566 0.32409 0.35744 0.42252 0.39017 1.50530 0.90416

60 o 0.03441 0.02161 0.03132 0.03776 0.03453 (0.14161, 0.38739) (0.14716, 0.32316)
(30,20 0.46374 036751 0.44245 0.48579 0.46458 0.24578 0.17599
(30,20 6 0.46514 0.06742 0.07035 0.03479 0.05109 (0.93202, 1.93200) (0.66291, 1.44642)

0.90935 0.34619 0.35366 0.24872 0.30137 0.99998 0.78351
B 0.70478 0.25434 0.31995 0.49243 0.40165 (1.54594, 3.33308) (0.58618, 1.63510)
0.52469 0.31520 0.35353 0.43858 0.39609 1.78714 1.04892

60 I3 0.01639 0.01624 0.04045 0.04739 0.04388 (0.17459, 0.46933) (0.12932, 0.32848)
(30,15) 0.32009 0.31863 0.50278 0.54424 0.52368 0.29474 0.18917
(30,15) 6 0.23286 0.04033 0.19624 0.11996 0.15567 (0.76280, 1.80230) (0.76885, 1.71534)

0.64340 0.26777 0.59065 0.46179 0.52606 1.09395
B 2.65350 0.45257 0.38012 0.60172 0.48511 (1.84049, 4.61743) (0.52004, 1.61744)
1.01810 0.42046 0.38534 0.48482 0.43531 2.77694 1.09739

100 a 0.01076 0.00947 0.01647 0.01918 0.01781 (0.22857, 0.41639) (0.20566, 0.35195)
(50,40) 0.25932 0.24331 0.32082 0.34622 0.33364 0.19539 0.14629
(50,40) 6 0.25145 0.05421 0.08831 0.06631 0.07693 (0.92465, 1.57825) (0.78424, 1.34915)

0.66859 0.31044 0.39623 0.34335 0.36982 0.65359 0.56491
B 0.51040 0.31550 0.31585 0.39451 0.35431 (1.73308, 2.89578) (0.71538 , 1.44663)
0.44652 0.35106 035125 0.39256 0.37202 1.16270 0.73125

100 a 0.00656 0.01402 0.02468 0.02863 0.02663 (0.22363, 0.42445) (0.17423, 0.32360)
(50,33) 0.20239 0.29605 0.39277 0.42301 0.40797 0.20083 0.14937
(50,33) 6 0.08133 0.01759 0.06333 0.04152 0.05186 (0.70496, 1.36539) (0.722258, 1.32206)

0.38024 0.17688 0.33554 0.27169 0.30363 0.66043 0.599802
B 0.99944 0.34333 0.32992 0.43283 0.37950 (1.88132,3.31812) (0.66652, 1.48030)
0.62483 0.36621 0.35899 041118 0.38502 1.43680 0.81378

100 a 0.03801 0.0102591 0.036715 0.0417506 0.0392562 (0.152512, 0.45759) (0.146598, 0.293443)
(50,25) 0.48738 0.25322 0.47903 0.51082 0.49533 0.20508 0.14685
(50,25) ] 0.61380 0.01265 0.11295 0.07291 0.09199 (1.13297, 1.93394) (0.74674, 1.48137)

1.04461 0.14997 0.44810 0.36003 0.40441 0.80098 0.73463
B 4.25613 047171 0.36683 0.50301 043184 (2.51484, 4.81123) (0.60252, 1.49364)
1.2894 0429255 0.378539 0.443266 0.410715 2.29639 0.89112

150 a 0.00628 0.00932 0.01604 0.01806 0.01704 (0.25755,0.38394) (0.21460, 0.33977)
(75,60) 0.19814 0.24131 0.31662 0.33597 0.32629 0.12639 0.12517
(75,60) 2] 0.14873 0.03222 0.04763 0.03661 0.04191 (0.88221, 1.38910) (0.76027, 1.21028)

0.51421 0.23935 0.29100 0.25511 0.27297 0.50688 0.45001
B 0.57359 0.32927 0.369708 0.42482 0.39685 (1.89173, 2.82299) (0.72603, 1.31367)
047335 0.35864 0.38002 0.40737 0.39373 0.93126 0.58764

150 a 0.03853 0.01007 0.02199 0.02410 0.02305 (0.16620, 0.34121) (0.19788, 0.31578)
(75,50) 0.49073 0.25088 0.37078 0.38813 0.37951 0.17501 0.11790
(75,50) 0 0.89388 0.07185 0.13906 0.11624 0.12739 (1.36736, 2.02355) (0.87567, 1.39952)

1.26061 0.35741 0.49721 0.45458 0.47590 0.65619 0.52385
B 1.48705 0.34109 0.26722 0.32781 0.29676 (2.19486, 3.44403) (0.77051, 1.45353)
0.76215 0.36501 0.32308 0.35784 0.34047 1.24917 0.68302
150 o 0.039921 0.00658 0.01504 0.01725 0.01612 (0.16207, 0.33833 ) (0.21374, 0.35134)
(75,38) 0.49950 0.20282 0.30659 0.32831 0.31738 0.17626 0.13759
(75.38) 0 0.83497 0.04058 0.14774 0.11840 0.13267 (1.33419, 1.99334) (0.85671, 1.45574)
1.21836 0.26860 0.51249 0.45879 0.48566 0.65915 0.59903

B 3.76714 0.17357 0.25002 0.32498 0.28628 (2.70838, 4.37345) (0.75478, 1.52029)
1.21307 0.26039 0.31252 0.35629 0.33441 1.66506 0.76551

300 o 0.01222 0.01734 0.01849 0.01936 0.01893 (0.24919, 0.32975) (0.22649, 0.30622)
(150,125) 0.27631 0.32920 0.34000 0.34783 0.34393 0.08055 0.07973

(150,125) 0 0.12288 0.03114 0.05358 0.04779 0.05065 (0.92797, 1.27311) (0.83088, 1.14346)
0.46739 0.23527 0.30862 0.29148 0.30007 0.34515 0.31258

B 0.25740 0.25676 0.30718 0.33136 031916 (1.83506, 2.37963) (0.84936, 1.26164)
0.317091 0.316699 0.3464 0.359772 0.353087 0.54458 0.41228

300 o 0.02407 0.00352 0.00688 0.00765 0.00726 (0.21307, 0.27666) (0.26621, 0.37476)
(150,100) 0.38785 0.14829 0.20731 0.21859 0.21296 0.06359 0.10856

(150,100) 0 0.74119 0.04995 0.09698 0.08691 0.09188 (1.38585, 1.83600) (0.88712, 1.2533)
1.14790 0.29798 0.41521 0.39307 0.40415 0.45015 0.36619

B 1.98213 031122 0.32278 0.35303 0.33773 (2.53424,3.48152) (06.81659, 1.27312)
0.87992 0.34867 0.35508 0.37135 0.36322 0.94728 0.45653

300 o 0.03126 0.00275 0.01625 0.01761 0.01693 (0.19213, 0.25427) (0.22416, 0.33064)
(150,75) 0.44201 0.13099 031873 033179 0.32531 0.06214 0.10648
(150,75) 6 0.85623 0.01887 0.06996 0.05944 0.06461 (143762, 1.91304) (0.82447, 1.2281)

1.23377 0.18316 0.35267 0.32508 0.338907 0.47542 0.40363
B 5.75215 0.46115 0.36971 0.41245 0.39085 (3.28223, 4.71450) (0.75379, 1.26424)
1.49898 0.424427 0.380025 0.401387 0.390736 1.43227
500 o 0.00831 0.00632 0.00960 0.01002 0.00981 (0.27766, 0.34000) (0.26853, 0.33856)
(250,210) 0.22792 0.19873 0.24496 0.25022 0.24759 0.06234 0.07003
(250,210) 6 0.27384 0.04465 0.06385 0.06006 0.06194 (1.12718, 1.41942) (0.88485, 1.12722)
0.69773 0.28176 0.33691 0.32676 0.33184 0.29224 0.24237
B 0.48588 0.36409 0.35528 0.37033 0.36275 (2.0508, 2.5433) (0.85387, 1.16289)
0.43566 0.37713 0.37254 0.38034 0.37643 0.49249 0.30902
500 a 0.02072 0.00673 0.014288 0.01485 0.01456 (0.22968, 0.28244) (0.24627, 0.31702)
(250,170) 0.35985 0.20506 0.29879 0.30463 030172 0.05276 0.07075
(250,170) 6 0.59969 0.05509 0.08713 0.08166 0.08437 (1.35459, 1.69420) (0.91254, 1.18894)
1.03252 0.31296 0.39357 0.38101 0.38728 0.33960 0.27640
B 2.05470 0.39719 0.33233 0.34994 0.34109 (266385, 3.4030) (0.859712, 1.20527)
0.89589 0.39389 0.36030 0.36972 0.36502 0.73916 0.34556
500 a 0.03653 0.00599 0.01862 0.01956 0.01909 (0.18592, 0.23185) (0.22443, 0.30586)
(250,125) 0.47779 0.19357 0.34117 0.34961 0.34538 0.04593 0.08143
(250,125) 6 0.82983 0.02052 0.06928 0.06256 0.06588 (1.47727, 1.84463) (0.86201, 1.18052)
1.21460 0.19101 0.35096 0.33348 0.34222 0.36737 0.31851
B 5.38390 0.41235 038116 0.40734 0.39417 (3.40241, 4.43823) (0.79691, 1.19376)
1.45020 040134 0.38586 0.39889 0.39239 1.03582 0.39685
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10.

11.

. The MLEs and the Bayes estimates for case (1) (¢ = 0.1,0 = 2,8 = 2) have good

statistical properties for the MSEs and RABs in most of the cases considered see
Table 1.

In general, under SEL and GE loss function when (c = 3) the Bayes estimates of ¢
provides the smallest MSEs and RABs as compared with MLE estimates see Table
3.

In general, the Bayes estimates of 6 under GE loss function when (¢ = —1,3) have
the smallest MSEs and RABs as discussed with MLEs and SEL loss function esti-
mates see Table 3.

In general, the Bayes estimates of § have the smallest MSEs and RABs under SEL
loss function as compared with GE loss function and MLESs estimates see Table 3.
For case (2)(a = 1.5,0 = 4,3 = 2), the approximate CIs of ¢, 6 and 3 yield a good
results than MCMC credible CIs for the length of CIs see Table 4.

It can also be seen that for case (2)(a = 2,0 =4, = 1.2), the MLEs of «, 6, and
B have a good outcomes for the MSEs and RABs in most of the cases considered
see Table 4.

In general, for the sample size (n = 60,100) the SEL function of & have the smallest
MSEs and RABs as discussed with MLE and GE loss function estimates, whereas,
for the sample size (n = 150,300,500) the MLE of « have the smallest MSEs and
RABs as compared with SEL and GE loss function estimates see Table 2.

Also, the SEL and GE loss function of 0 have the smallest MSEs and RABs as
compared with MLE see Table 4.

For case (3) (a = 0.4,6 = 0.75,8 = 1.6), the MCMC credible CIs of the three
parameters yield a good estimate than approximate Cls. Also, the MCMC credible
intervals give lower lengths for the small and large sample sizes see Table 5.

6. CONCLUSION

This paper provides the problem of estimate the EW distribution under partially

constant-stress ALTs with multiple Type-II censored data. The maximum likelihood and
Bayes methods are utilized to estimation the model parameters. Additionally, the two-
sided confidence limit and credible Cls are computed. Bayesian estimation problem can
be extended to include the two, informative and non-informative priors with help of one
of the important techniques called MCMC technique to obtained the empirical posterior
distribution which used to approximate Bayes estimates and credible confidence intervals.
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